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1. Introduction 

The program of categorification via category O was introduced by J. Bernstein, I. Frenkel, and M. Kho- 
vanov in [BFK] where tensor powers of the standard two dimensional representation of were recognized as 
Grothendieck groups of certain subcategories of O for various gl n . They had two different constructions. One 
was based on studying certain blocks with singular generalized central characters. The other was based on 
examining the trivial regular block but by considering various parabolic subcategories. In the first case the 
action of si? was categorified by projective functors acting on these singular categories. The intertwiners were 
categorified by derived Zuckerman functors acting on the derived category O. In the latter case, the action 
of the Lie algebra was lifted to Zuckerman functors and the intertwiners became projective functors. These 
two constructions are related by Koszul duality where the projective functors get exchanged for Zuckerman 
functors and visa- versa [Rh], [MOS]. 

Several conjectures posed in [BFK] were solved in [Str2]. The most important result of that work was 
that the Jones polynomial was lifted to a functorial invariant of tangles. Natural transformations between 
these functors became invariants of 2-tangles acting as cobordisms between two different tangles [Str4] . One 
of the principle goals of categorification is to obtain invariants for n + 1 dimensional topological objects by 
homological realizations of classical n dimensional invariants. 

There is a parallel approach to categorification of link invariants due to Khovanov. In [Khov], a bi-graded 
homology theory was constructed whose graded Euler characteristic is the Jones polynomial. M. Khovanov 
and L. Rozansky extended this work to a homology theory categorifying the HOMFLYPT polynomial [KR]. 
The theory of matrix factorization is their primary tool. H. Murakami, T. Ohtsuki, and S. Yamada have an 
intepretation of the HOMFLYPT polynomial through a polynomial assigned to certain planar graphs [MOY] . 
Khovanov and Rozansky categorified these polynomials which is a crucial step in the categorification of the 
HOMFLYPT polynomial. 

The goal of this paper is to categorify the slk tangle invariant via category O. It is important to understand 
all of the planar graphs representation theoretically. The planar graphs give a graphical interpretation of 
intertwiners between various tensor products A n Vk-i ® •• • ® A lr Vk-i of fundamental slk representations. 
The first step is to categorify tensor powers of the standard k— dimensional representation of slk- In order to 
accomplish this, we look at more general singular blocks of category ©dOd(0l n )- Here, d denotes a k— tuple 
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(dk-i, ■ ■ ■ , do). Then 0d(fl[ n ) is a block corresponding to an integral dominant weight whose stabalizer under 
the dot action of the Weyl group is Sd k _ ± x • • • x Sd - Parabolic subcategories of these blocks, O d (Ql n ) will 
provide a categorification of tensor products of fundamental representations. The action of the Lie algebra 
slk will be lifted to projective functors. These are functors given by tensoring with a finite dimensional 
representation and then projecting onto a certain block. Morphisms between various A 11 Vk-i ® ■ ■ -<8> h. %T Vk-i 
will become inclusion and derived Zuckerman functors between various parabolic subcategories of these 
blocks. Relations between the intertwiners become functorial isomorphisms between various compositions of 
inclusion and derived Zuckerman functors. It should be possible to do this construction in the Koszul dual 
situation as well. In this case projective functors categorify the intertwiners and derived Zuckerman functors 
categorify the action of the Lie algebra. 

This construction only gives rise to a categorification of slk — modules. In order to get a categorification 
of the quantum group, we consider the above categories to be a category of graded modules. Then in the 
Grothcndieck group the shift functor will descend to the action of multiplication by the quantum parameter q. 
The theory of graded category O is due to W. Soergel and has been studied extensively by C. Stroppel [Strl]. 
Projective functors have graded lifts. This allows us to give a categorification of the quantum Serre relations. 
Zuckerman functors and inclusion functors also have graded lifts. Graded functors may now be assigned to all 
flat tangles. In order to extend this construction to tangle with crossings, we consider adjunction morphisms 
between shifted compositions of inclusion and Zuckerman functors for a minimal parabolic and the identity 
functor. Cones of these morphisms are assigned to the crossings. In this graded setup it is easy to see that 
these cones satisfy the slk skein relation. A cobordism between two tangles should give rise to a natural 
transformation between the functors assigned to the tangles. This natural transformation should become an 
invariant of 2-tangles as in [Str4] , [Khov3] , [Jac] . 

In section 2 we review the necessary finite dimensional representation theory of slk- A categorification 
of the fundamental representations will be given in section 3. An equivalence of categories between certain 
parabolic subcategories which generalizes corollary 5 in [BFK] is also given in this section. This equivalence is 
used in the definition of the functors assigned to the flat tangles. In section 4 we provide functorial analogues 
of the graphic relations presented in section 2. Each of the graphical relations will give rise to a functorial 
isomorphism. Natural transformations are constructed and shown that when restricted to generalized Verma 
modules, they are isomorphisms. Most of the section is devoted to calculations of the relevant functors on 
generalized Verma modules. In section 5 graded category O will be discussed and all of the results in the 
previous sections will be lifted to the graded case. We define in section 6 our functor valued tangle invariant 
F and prove that it satisfies the Reidemeister relations. 

Suppose that tangles T and T' are morphisms from r points to r' points labeled from the set {1, k — 1}. 
Denote by n and n' the sum of the labels for the r and r' points respectively. These compositions of n and 
n' naturally give rise to parabolic subalgebras p and p' of gl n and gl n ,. Theorem [7] is the main result of this 
work. 

Theorem. If tangles T and T' are ambient isotopic tangles, then F(T) and F(T") are isomorphic as derived 
functors from D b ((B d O p d (flt n )) to D b (® d ,O p d ,( 9 l n ,)). 

The functorial isomorphisms of section 4 play a crucial role in proving this theorem. When restricted 
to (0,0)— tangles, the invariant is a complex of graded vector spaces and thus homology groups may be 
assigned to links. 

It follows immediately from the definition of F that on the Grothendieck group, the following equality 
holds: 

Theorem. Let Qj and IL be the functors assigned to the crossings. Then q k [ili] — q~ k {Tli] = (— — 
q-l)[Id] 

An explicit relationship between the functorial tangle invariant introduced by Khovanov in [Khov5] and 
the category O invariant of [Str2] was given in [Str5] . Stroppel considered the subcategory of the trivial block 
of 0(s[2n) of modules locally finite with respect to a parabolic subalgebra whose reductive part is Ql n ®Ql n and 
whose projective presentation only consists of projective-injective modules. This subcategory categorifies the 
space of invariants in tensor products of the standard two dimensional of 5I2. This subcategory is equivalent 
to a category of modules over an associative algebra which is isomorphic to the algebra constructed in 
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[Khov5]. A natural question is to find a connection between the functorial slk invariant in this work and the 
invariant constructed via matrix factorization in [KR] or Soergel bimodulcs in [Khov4] . One should probably 
look for a subcategory of O that categorifies the space of invariants in tensor products of the standard fc— 
dimensional representation of si* and then study the associative algebra governing that subcategory. 

Acknowledgements: The author is grateful to his advisor, Igor Frcnkcl for his encouragement and support 
throughout the development of this project. In addition, the author is very thankful to Mikhail Khovanov, 
Raphael Rouquier, Catharina Stroppel, and Gregg Zuckerman for helpful conversations and comments on 
preliminary versions of this work. 



2. Representation Theory of slk 

2.1. Basic Definitions. We begin by reviewing the finite dimensional representation theory of slk- Recall 
that stfc is the Lie algebra of x fc matrices with entries in C. Denote the matrix with only 1 in the (i, j) 
entry by e^j. There is the triangular decomposition slk = n~ + f) + n + where n - is the subalgebra of lower 
triangular matrices, n + is the subalgebra of upper triangular matrices and f) is the Cartan subalgebra of 
diagonal matrices. 

The dual f)* of the Cartan subalgebra has a basis ct\ — e\ A — e\ 2 , . . . , a, = e* { — e* +1 . . . , otk-i = 
e k-i fe-i — e k k w here e* j(e r . s ) = &i.rO~j,s- These on are called the positive simple roots for slk- 
A linear map A: f) — > C may be written in coordinates \ — \ie\ 1 + ■ ■ ■ + X^e* k k . 

The finite dimensional irreducible representations of slk are indexed by these weights A. There exists a 
unique irreducible representation of highest weight A = Aie* 1 + • • • + A fc e£ k when Ai > A 2 > • • • > A fe . For 
our purposes, one of the most important representations is the standard fc— dimensional vector space C k 
where slk acts on it naturally as matrices. Call this space Vk-i- The basis for this vector space is given by 
ei, . . . , e/c and ey(e m ) = 5j. m ei. Notice that the highest weight of this representation is e* v We denote the 
ith exterior power of a module V by K l V. 

Proposition 1. Let Vk-i be the module defined above. Then A l Vk-i is an irreducible module of highest 
weight e* fl H h e* ti . 

Proof. See [FH] page 221. □ 

Now we define the algebra U q (slk) and its fundamental representations. 

Definition 1. The quantum group U q {slk) is the associative algebra over C(g) with generators Ei, F t , K i7 K r 
for i = 1, . . . , fc — 1 satisfying the following conditions: 

(1) KiKr 1 = Kr^Ki = 1 

(2) KiKj = KjKi 

(3) k,i:, <i /'.a. 

(4) K,i, ■ l \K, 

(5) E i F j -F j E i = 8 iJ Zgg- 

(6) EiEj = EjEi if \i-j\ > 1 

(7) F.F^FjF, if \i-j\ > 1 

(8) E?E t±1 -(q + q-^EiE^Ei + E t±1 E? = 

(9) F?F l±1 -(q + q-^FF^F + F i±1 F? = 

where 

Cjj =2 if j = i 

-1 if j = i±l 

o if K-j|>i. 
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The most basic representation of U(slk) is Vk-i- It is the k-dimensional vector space with basis Vo, ■ ■ ■ , Vk-i- 
The algebra acts on this space as follows: 



E^j = 


if 


3 + i - 


1 


E^j = Vi 


if 


3=i- 


1 


F^j = 


if 


3 + i 




F^j = 


if 


3 = i 




Kf\j = q^Vi 


if 


3 = i 




Kf\ = q^Vi-i 


if 


3=i- 


1 


Kf\ = v, 


if 


3 + i - 





There are several intertwiners between various representations that will be important for later. There is the 
map A k V k -i -> Vk-i ® A fe_1 Vfc_i given by 

fe-i 

v k _i A • • • A v -> '^2(-l) j q k - j - 1 v j <g> (v k -i A • • • A Vj A • • • A v ), 
j=o 

where Vj means that the term is omitted from the expression. 

There is the map A k Vk-i — » A fe_1 Vfc_i <g) Vfe_i given by 

fe-i 

A • •• Av -» ^(-l) fc_1_ V(vfc-i A • • • Au} A • • • Av ®Vj). 
j=o 

There is a map in the other direction: Vk-i <S> A k ~ 1 Vk-i — > A fe Vfe_i given by 

«j ® (ffe-i A • • -u,- A • • • A« ) -> (-l)' s ~' 7 ~ 1 g~ J Ufc_i A • • • Av . 

There is also the map A k ~ 1 Vk-i <g> Vk-i — > A fe T4_i given by 

(wfe_i A ■ ■ - Vj A ■ ■ ■ A vo) <S> — ► (-l)V~ fe+1 v fe _i A ■ • ■ A «o ■ 

The inclusion map A 2 Vfe_i — > Vfc_i ® V/j_i is determined by 

«i A — > (g) vj — q 1 Vj <g> 

where i > j. 

The projection map Vfc_i ® Vfc_i — > A 2 Vfc_i is given by 

«i ® — > A if i > j 

— t)i A Vj if i < j. 

More generally, let 

7r ri ® • • • 7r rt : v r fc ® ( [ 1+ "" +rt) - A ri y fe _! ® ■ ■ • ® A r <T4_! 

be the canonical projection map and 

i ri ® • • • ® i rt : A ri T4_! ® • • • ® A r *T4_! - v r fc ®(p+-+ r «) 

be the canonical inclusion map. Since we will not need these more general intertwiners, we will omit the 
precise formulas. 

2.2. Graphical Calculus. There is a graphical description of the intertwiners between tensor products of 
fundamental representations via colored trivalcnt graphs. A line segment labeled by an integer i where 1 < 
i < k, will depict the representation A l Vk-i- Note that an edge labeled by k depicts the trivial representation 
and thus such an edge may be added or removed at will. The figure below depicts the canonical projection 
map A'Vfc-i ® A'V fc _i -» A^Y fc _i. 

The inclusion A z+: > Vk-i — > A l Vk~i ® A^Vk-i is given by the diagram below. 

There are relations between these maps. Graphically, the relations are depicted by the following five 
diagrams. 
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i+j 




Figure 2. 
k 




k 



Figure 3. Diagram Relation 1 




2 

Figure 4. Diagram Relation 2 

If the trivalent graph has external edges labeled only by k, then it represents a composition of intcrtwincrs 
from the the trivial representation to itself so a Laurent polynomial may be assigned to it. We will say that 
such a graph is closed. 

Theorem 1. There is a Laurent polynomial (-D)fc in T\q,q ] which may be assigned to closed, colored 
trivalent graphs D which satisfy the five relations above. It is invariant under ambient isotopy o/M 2 . 

Proof. Sec sections 1 and 2 of [MOY] . □ 

The Laurent polynomial in the theorem above coincides with the representation-theoretic polynomial. 

A version of the HOMFLYPT for links may then be defined. Each crossing may be resolved in the 
following two ways: 

Let D + , Dq be identical link diagrams except near a crossing as given by the figure below. 
Definition 2. Let D be a planar projection of a link. Let 

(1) {D+) k = q 1 (D ) k -{D.) k , 

(2) (D_) k = q- 1 {D ) k -{D*) k , 
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k-1 



[k-1] 



Figure 5. Diagram Relation 3 




c-l + [k-2] 



v- 



A 



Figure 6. Diagram Relation 4 





Figure 7. Diagram Relation 5 




i / \i 



Figure 8. 



(3) -Pfe(-D) = q( k ^ w ( D ^{D)t l where w(D) is the difference between the number of positive and negative 
crossings. 

Theorem 2. (1) Pk{D) satisfies the Reidemeister moves and thus is an invariant of a link L which has 
planar projection D. 

(2) The invariant above satisfies the skein relation for the one variable slk specialization of the HOM- 
FLYPT polynomial: 

q k P k (D+) - q- k P k {D_) = (q 1 - (T^P^A)). 



\ / 

D + D_ D 

Figure 9. 

Proof. This is theorem 3.2 of [MO Y]. □ 

3. Categorification of stfc Modules 

The most important representations to categorify are the tensor powers V®J\. When k = 2, the categori- 
fications were constructed in [BFK]. The authors worked on the most singular blocks of category O which 
correspond to maximal subgroups of the symmetric group. They also suggested what to do for the sit case: 
consider other blocks of category O. 

3.1. Categorification of A n V k -i <g> • • • <g> A ir V k -i. 

Definition 3. (1) Denote the Grothcndicck group of an abelian or triangulated category C by [C]. It is 
the free abelian group generated by the symbols [M] where M is an object of C. The only relations 
in this group are of the form [N] — [M] + [P] when there is a short exact sequence or distinguished 
triangle of the form 

0->M^AT->P^0. 

(2) The image of an object M or an exact functor F in the Grothendieck group will be indicated by [M] 
and [F] respectively. 

(3) Given an abelian category C, let D b (C) denote the corresponding bounded derived category. 

(4) Denote by W : D b (C) — > C, the jth cohomology functor. If F is a left exact functor, the jth derived 
functor B? F is defined to be H 3 o RF. If F is right exact, the jth derived functor LjF is defined to 
be H~i o LF. 

The truncation functors r-" and r- n arc well defined on the derived category. 
Proposition 2. Let X be an object in D b (C). The following triangles exist in the derived category: 

T^ n X X -> T^ n+1 X 
T <n-l X _> T <n X H n (X)[-n] 

Proof. See proposition 4.1.8 of [Sch]. □ 
Definition 4. Let 0(gl n ) be the category of gl n modules which satisfy the following properties: 

(1) Finitely generated as U{Ql n )— modules. 

(2) Diagonalizablc under the action of the Cartan subalgebra h. 

(3) Locally finite under the action of the Borel subalgebra b = f) + n + . 

This category decomposes into a direct sum of subcategories corresponding to the generalized central 
characters. 

Definition 5. (1) Let O(d fc _ 1 .d fc _ 2 ....,d ) = Od be the block of 0(gl n ) for the central character corre- 
sponding to the weight £i=o Y.%i ie *d Q +-+d l - 1 + 3 - Pi where 

n — 1 n — 3 1 — n 

P = — g— ei + — g— e 2 + • • • + — e n 

is half the sum of the positive roots. 

(2) Let M(ai, . . . , a n ) be the Verma module with highest weight a\e\ + • • • + a n e n — p. 

(3) Let L(a\, . . . , a n ) be the Verma module with highest weight a\e\ + ■ ■ ■ + a n e n — p. 



There are di terms in the weight from the definition above with coefficient i. Note that y\-_p d 



n. 



;j=0 3 

Proposition 3. Assume that the following direct sum is over all d such that the entries are non-negative 
integers and the sum of the entries is n. Then C ®z [ffidCd] — V^[. 



Proof. The image of the Verma module [M(a . . . , a n )\ gets mapped to v ai <g> • • • <g> w Qrl . □ 

This proposition is the first step towards categorification of stfe— modules. Next we would like to categorify 
the action of the Lie algebra. The desired functors come directly from [BFK]. It is essentially the projective 
functor of tensoring with the n— dimensional representation V n -i- One only has to be careful about projecting 
onto the various blocks. This is done next. 

Definition 6. (1) Let £,: £>(d fe _i,d fe _ 2 ,...,d ) -> £ , (d fe _ 1 ,...,d i +i, e * i _i-i,..,d ) be the functor defined by 

£ t M = proj (dfc _ li ... )d4+lidi _ 1 _ 1) ... )do) (V r n -i ®M). 

(2) Let Ti \ O(d fc _ 1 ,d fc _ 2 ,...,d ) -> C(d fe _ 1 ,...,d i -i,d i _i+i,...,d ) by 

TiM = proj (dfe _ ii ... ;di _ 1;dii+li ... ;do) (F n *_ 1 ®M). 

(3) Let Hi : O (dfe _ 1;dfe _ 2; ..., do) - O(d A ._ 1 ,d fc _ 2 ,...,d ) be l<£>^-^) . 
Theorem 3. Functorial Serre relations are satisfied on ©d0(0[„). 



(1) 


HiHj = HjHi- 






(2) 


If di > di-i then £iTi = Ti£i 


© Hi- 




(3) 


If di = d^i then SiTi = T t £i 






(4) 


If di < d^i then T { £i = £iT { 


®Hi. 




(5) 


If i ^ j, then £iFj = J-j£{. 






(6) 


If di — di-i > 0, then 7ii£i = 


£iH-i ffi 


£ m 


(7) 


If di — di-i < —2, then EiTLi 


- Hi£i 




(8) 


If di — di-i = — 1, then TLi£i 


- £{Hi- 




(9) 


If di — di-i > 2, then T{H.{ = 


Wi a 




(10) 


If di — di-i < 0, then HiJ-'i = 


T-Hi a 




(11) 


If di — di-i = 1, then TLiTi = 


TiUi. 





(12) // \i - j\ > 1, then TLi£ = SjHi. 

(13) // \i - j\ > 1, then HiTj = TfUi. 

(14) J/ ji - jj > 1, tften ^ = 

(15) // |i — j\ > 1, i/ien ^^Fj = TjT{. 

(16) J/ j = i + 1, i/ien £i£i£j © £j£i£i = £%£j£% © £i£j£i- 

(17) J/ j = i + 1, f/ien TiTiTj © TjTiTi = TiTjTi © TiTjTi. 

(18) J/dj - di_i - 1 > 0, ifcen W^+i © ~ £+1%. 

(19) //dj - dj_! < 0, i/ien ^ t+1 H, © S 

(20) //^ - dj_i - 1 > 0, tfien W^-i © £_i S £-1%. 

(21) Ifdi - < 0, then £i-{Hi © S W<£_i. 

(22) //di - > 0, i/ien J^+iW* © J^+i = H t T l+1 . 

(23) //di - di_i + 1 > 0, tfien TUTi+i © = ^i+iWi- 

(24) Ifdi - (k-! > 0, then T l -{H l ®T i -! ^ H l T l - 1 . 

(25) //^ - + 1 > 0, then TU^i-i © ^-l = ^i-iWi- 

One only has to compute in the Grothendieck group to check these relations [BG]. Details will be provided 
later when a functorial version of the quantum Serre relations is proved. 

Our next goal is to categorify tensor products of exterior powers of Vk-i- The case k = 2 was addressed 
in [BFK]. When k = 2, A 2 Vk-i is just a one dimensional vector space. The main ingredient in the categori- 
fication of V®" — ► y^"" 2 ) is the Zuckerman functor and parabolic subcategories. Thus for general k, we 
expect a locally finite subcategory to categorify a tensor product of fundamental representations. We now 
give a definition of various parabolic subalgebras of slk and the corresponding locally finite subcategories 
first introduced by A. Rocha-Caridi in [Ro]. 

Definition 7. (1) The subalgebra p( ril ... in ) is the parabolic subalgebra whose reductive subalgebra is 

gl ri © • • • © &l rt , where n H + r t — n. 

(2) Denote by O v d the full subcategory of Od of modules locally finite with respect to the subalgebra p. 
By abuse of notation, let Q^ 1 '—' rt '> be the category 0^ (ri " " rt) . 



8 



It is important to know some objects which are in these locally finite categories. 

Definition 8. (1) Let S denote the subset of simple roots defining the parabolic subalgebra p. 
(2) Let P+ = {A G f)*\(\,a) e N,Va e S}. 

Given such a A e P^, we may define the generalized Verma module M P (A) = U(q) ®u(p) where 
E(X) is the simple p— module with highest weight A. 

Now it is easy to give conditions for which modules in these singular blocks are locally finite. Let 
A = a\e\ + • • • + a„e* . We need to give a condition for A to be in this set. Since (p, hi) — 1, the condition 
that (A — p, hi) > simply becomes dj > Oj+i. We now could state which simple modules and generalized 
Verma modules are in the locally finite subcategories. 

Lemma 1. (1) L(ai, . . . ,a n ) is a simple module in O d if cii > a^+i whenever cti is a simple root of p. 
(2) M p (ai, . . . , a n ) is a generalized Verma module in O a if di > a i+1 whenever en is a simple root of p. 

Proof. This follows directly from above by evaluating at all simple roots a, which define the parabolic 
subalgebra p. □ 

We will often group coefficients in the highest weight of a generalized module such as 

M p (ai, . . . , 04-1,04, . . . ,a r , . . . ,a„) 



to stress that a,{ > ■ ■ ■ > a r so that it is locally finite with respect to a certain subalgebra p. 
Proposition 4. C ® z [® d O% 1 "- r * ) ] = k ri V k - X ® • • • ® A r *Vfe_i. 

Proof. It suffices to show that this is an isomorphism on the basis of generalized Verma modules. Let p be 
the subalgebra given above. The isomorphism sends [M p (ai, . . . , a n )] to 

(v ai A ■ ■ ■ A v ri ) ® • • • ® K ri+ ... +rt _ 1+1 A • • • A u ari+ ... +rt ). 

This is clearly a bijection. □ 

Remark 1. If any of the ?*j above is larger than k, then the category contains no non-trivial objects. 

The Zuckerman functor plays an obvious role in this setup. It categorifies projection maps of these 
modules. 

Definition 9. (1) Let the Zuckerman functor r( ri >-' r ') : O d ->■ O d ri, '"' rt) be the functor of taking the 



maximal locally p( ri! .... rt ) finite submodulc. 



(2) Let the dual Zuckerman Z^ ri, '"' rt ^ : Od — ► 0^ ri ''"' r *^ be the functor of taking the maximal locally 
P(n,...,r t ) finite quotient. 

(3) Let e( rii ... )T . t ) : O d ri ''"' rt ^ — > Od be the natural inclusion functor. 

Remark 2. The dual Zuckerman functor is also known as the Bernstein functor. See [KV]. 

If there is an inclusion of parabolic subalgebras q C p, there is an obvious generalization of these definitions 
for categories locally finite with respect to these algebras. For example, one may take a module locally finite 
with respect to p and apply the Zuckerman functor T p . 

The Zuckerman functor is left exact. One usually studies its right derived functor and its cohomology 
functors. Taking the derived functor is important in categorification so that it becomes exact as a functor 
on the derived category. We denote its right derived functor shifted by j by i?F[j]. The dual Zuckerman 
functor is right exact and similarly one should consider its left derived functor. On the Grothendieck group, 
LZ and RT descend to the canonical map from V fc _™ to A ri Vk-i <8> • • • A r ' 14 



-l- 



Proposition 5. (1) [LZ^ ri — ' rt '} = 7T ri <g> • • • <g 
(2) [e (ri; ... irt) [-E r=1 ^^]] = i ri ® • • • ® i rt . 



Proof. By proposition 5.5 of [ES], one may easily prove the first part by computing on the basis of Verma 
modules. The second part follows from the generalized BGG resolution. □ 



Let d be the codimension of q in p. 

Lemma 2. The derived Zuckerman functor RT P and the inclusion functor e v q satisfy the following adjointness 
properties in the derived category: 

(1) Hom(eJl, Y) = Hom(X, RT*Y) 

(2) Hom(X,e^[2d]r) = Uom(RT p q X,Y). 

Proof. See the proof of theorem 5 in [BFK] . □ 

Lemma 3. The derived dual Zuckerman functor LZ? and the inclusion functor e v q satisfy the following 
adjointness properties in the derived category: 

(1) Kom(e q p [-2d]X,Y) ^ Rom(X, LZ p q Y) 

(2) Rom(X,e q p Y) = Kom{LZ»X,Y). 

Corollary 1. The derived Zuckerman and dual Zuckerman functors are related by RT q [2d] = LZ\. 

Proof. By the previous two lemmas these functors are adjoints of the same functor so they are the same up 
to isomorphism. □ 

3.2. Equivalences of Categories. We look to generalize section 3.2.2 of [BFK] to the subcategories with 
generalized central character considered here. In order to make the notation more compact, we will have the 
following notation for several important subalgebras. 

Definition 10. Let 

(1) p, to be the parabolic subalgebra corresponding to (1, . . . , 1, k, 1, . . . , 1). 

i-l 

(2) (\i to be the parabolic subalgebra corresponding to (1, . . . , 1, k — 1, 1, . . . , 1). 

i 

(3) ti be the parabolic subalgebra corresponding to (1, . . . , 1, k — 2, 1, . . . 1). 

i-l 

(4) Si be the parabolic subalgebra corresponding to ( 1, . . . , 1 , 2, 1, . . . 1). 

i-l 

(5) ^ be the parabolic subalgebra corresponding to (1, . . . , 1, 3, 1, . . . 1). 

i-i 

Clearly pj D qj and pj D qj-i- Recall from earlier the definitions of the functors e« 7 , e^ -1 , LZ q 3 j7 and 
LZq 3 ^. Note that the derived Zuckerman functors in this setup could have non-zero cohomology functors 
only in degrees through 2(k-l). As in [BFK], the middle cohomology functor plays a significant role. Given 
a generalized Verma module M Pj (a), we would like to compute its image under the functor L^ k _ 1 - ) Zq j +1 oe^. . 

The main result of this subsection is there are equivalences of categories: 

qPj ~ /nPj+i 

(dfe_i,...,d ) ~ (dk-i,...,d ) ' 

The equivalences are compositions of inclusions into larger categories and the middle cohomology of the 
derived Zuckerman functor. The plan of the proof is exactly that from [BFK]. First the action of these 
functors on generalized Verma modules is computed. Then after some exactness and adjointness statements 
are proved, the equivalence will follow from lemma 2 of [BFK]. 

First we recall the generalized BGG resolution. Let S be a subset of simple roots defining a parabolic 
subalgebra p and W v the corresponding Weyl group. Denote by W p the set of shortest coset representatives 
in W/Wp and ps half the sum of the positive roots of the subalgebra p. 

Theorem 4. Let /i be dominant integral. For all j = 0, . . . , dimu, define 

Cf = ®weWP,l(w)=jM p (w(n + p) - p s ). 

Then there is an exact sequence 

- C s dimu -^■■■^C^L(p + P )^0 
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with all maps nontrivial. 

Let a = (ai, . . . , a n ). In order for the generalized Verma module M Pj (a) to be locally U(pj)— finite, 

a,j = k — 1, aj+i = fc — 2, ... , a J+ fe_i = 0. 

From the previous theorem, it follows that there is a resolution of this generalized Verma module in terms 
of generalized Verma modules in larger parabolic categories. 

Corollary 2. There is an exact sequence in of the form: 

0-> M^(a 1 ---o- k - 1 .a) M*i {ai ■ ■ ■ <j k -2-ot) -> > M^(a) -> M p * (a) -» 0, 

where <Tj permutes the elements asj+j-i and aj + i of (oj, . . . , a_j+k_i). 

Proof. This follows from the theorem and parabolic induction. □ 

The cohomology functors on the modules (cti • • • ai.a) play a critical role. 
Lemma 4. Suppose a k+ j = k — I — 1. TTien, LiZ^ 3 . +1 M qj (cti • • • 07.0-) = 

M p3+1 (ai, . . . , dj-i, k — I — 1, fc — 1, . . . ,0, a,k+j-i, ■ ■ ■ , a n ) if i~k — l — \ 

if i^k-l-1. 

Proof. It is easily seen that 

M q3 (ai • ■ -ai.a) = M q ^'(ai, . . .,aj-i,k- I - 1, fc - 1, k - 2, . . . , k - I, k - I - 2, . . . ,0,a fe+ j, . . . ,a„). 
Thus L,Z q p ; +1 M^ (cti ■ • ■ o-j.a) = if a fe+j ^ k - I - 1. 

Now suppose £/; permutes the elements (A; — 1, fc — 2, . . . , k — I, k — I — 2, . . . , 0, a k+ j), by 
e>7+i • • • o- k -i-(k - 1, k - 2, . . . , k - I, k - I - 2, . . . ,0, a k+j ) = 
(k - 1, k - 2, . . . , k - I, a k+3 ,k - I - 2, . . . , 0). 
The length of this element in the symmetric group is k — I — 1. Thus from [ES] proposition 5.5, 
M a - (cti • • • ai.a) £- M^+' (01, . . . , aj-i,k - I - 1, fc - 1, . . . , 0, a fe+j _i, . . . , a„), 
if i = (fc Z 1). □ 

Now we are in position to compute LiZq^ 1 o ep J j M Pj (a). Let 

(3 = (ai, . . . , dj+k, dj, ■ • ■ , aj+fc_i, aj+fe+i, . . . , a„). 
Lemma 5. There are isomorphisms: L^ k _-^Z^ +1 o ep 3 .M Pj (a) = 

M p ' +1 (/3) i/ i = fc-l 
if i^k-1 

Proof. Consider the generalized BGG resolution. This gives rise to short exact sequences: 

K -> (a) -> M p i (a) -> 
-> Ki M q J (<Ti.a) -> isTo 
->■ if 2 -> M^(ctict 2 .q:) ->■ i^i -> 

-» ^ fe _2 -» M^(cti • ■■<r fc _2.a) -► 

O^i^fe-i ► Af 3 (<Ti • • • CTfe_2CTfc_i .Q:) ► K k —2 -»0. 

Assume a^+j = fc — Z — 1. By the previous lemma, for all s 

L s Z q p ; +1 M qj (e) - i s ^q P ; +1 M^(CTi.a) <* •• • £* L,Z% +1 M^in . ..a^.a) = 0. 

Therefore 

L s Z p ; +1 M p '(a) = L^Z^Ko = ■■■ = L S _ X Z^K X _ X . 
Also by the previous lemma, for all s, 
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L a Z$* +1 M*ifa +1 .a) = ■■■ = L S Z% +1 M* fa . ..a k ^.a) S 0. 

Therefore for all s, 

L s Z^ +1 K k _ 2 S ■ • • = l^z^Ki « 0. 
Now consider the short exact sequence 

-> if; -» M"i (cri . . . ai.a) -> K t -i -> 0. 

Due to the above 

L.^M^fa . ..T/.n: - L S Z\ A'; , = L s+l Z% +1 eg (a). 
By the previous lemma 

L a Z% +1 M*fa . ..ai.a) <* M^(f3) 
for s = k — I — 1, and it is zero otherwise. 

Thus L S Z\] +1 AP? (a) ^ M^+i (/3) if s = k - 1 and is zero otherwise. □ 

Lemma 6. Suppose i =/= k — 1. TTien /or any module M in OA i ^ ^ d £/iere is an isomorphism 

Proof. We know this is true by the previous lemma for generalized Verma modules. It is then true for 
projective modules by induction on the length of their Verma flag. Now consider a simple module S. It has 
a projective resolution which gives rise to several short exact sequences: 

0-^ifi->Pi-^5->0 

K 2 P 2 #1 -»• 

->• if r -> P r -> if r _i -> 0. 
The first short exact sequence implies LiZq* +1 o eJ'S = L(i_i)Zq^ +1 o e^i^i for i < (k — 1). Continuing in 
this way we get L l Z q p ; +1 o e^S = L^ r Z v q ] +1 o e«P r for i < (fc - 1). Since # r = 0, o e^S = 0, for 

i < (k — 1). By the duality theorem for Zuckerman functors, this isomorphism is true for all i ^ (k — 1). Now 
the lemma follows for any M by induction on the length of its composition series. □ 

Proposition 6. There is an equivalence of categories 

Lk-iZ^ o e p . . U d -> U d . 

The inverse equivalence is given by L^-iZ^ oe^ +1 . 

Proof. These functors send generalized Verma modules to generalized Verma modules. By examining the 
long exact sequence for the functor and using that the cohomology functors vanish in all but one degree, it 
is clear that this functor is exact exact. It suffices by lemma 2 of [BFK] to show that they are adjoint. In 
the derived category LZ^ +1 is left adjoint to ej 3 by lemma El Furthermore, LZq 3 j +1 [—2(k — 1)] is right 
adjoint to epi . Thus we have 

Hom (i fc _ 1 Z q p ; +1 o e%M, N) £ Rom Db{0) (LZ^ +1 o e g [_(* - 1)]M, N) 

S Rom DHo) (el]M,e^ +1 [k-l}N) 
S Rom DHo) (M, LZ\ <; . [-(k - 1)}N) 
= E,omo(M,L k ^Z%e% +1 N). 

□ 

Remark 3. The functor LZq 3 ^ 1 o ejj 3 gives an equivalence of the corresponding derived categories. 
Next assume that all of the ai are 1 or k-1. 
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Proposition 7. There is an equivalence of categories 



^(a 1 ,...a i ,k,a i + 1 ,...a n ) ^ ^ ^(at ,. . .a i+1 ,k,a i + 2 ,. ■ .a n ) ^ 



given by the functor 



(fe— 1) (ai j.-.a^jai-f-i^— Oi+i ,ai-f-i ...a n ) ^(ai,...ai,fe,ai-f-i , . . .a n ) 



Proof. The proof is exactly the same as the previous proposition. 

Composing the equivalences given by the proposition above, we get the following equivalence. 



□ 



o. 



Next we define functors between parabolic categories for Lie algebras of different ranks. 
Definition 11. (1) Let Y be the one dimensional gl k ® g[ n — module with weight 

TL . , h . . 

- ^ ( e i H r- e fc ) + - (ejt+i H h e fc+ „). 



k 



ei 



(2) Let V be the one dimensional £jt n — module with weight 

(3) Let W be the finite dimensional irreducible gl fc — module with highest weight (k— l)ei- 

(4) The functor ^'-'^(flU - og' 01 -" a ' ) (flt fc+n ) is given by 

C(M)=Ind^+; ) [J (y®W®M) 
where d' = (df--i + 1, . . . , do + 1). 



-(0)e fe -p fc . 



(5) The functor i/: 0£ 



(fc,ai ,...a r ) 



(01 



(ai,...a r ) 



(fl[„) is given by taking the sum of the weight spaces 



of a module M for the weights of the form 

(k - l)ei + (k - 2)e 2 H h (0)e fc + x k+1 e k+1 H x fc+ „e fc+ „ - p, 

tensor with Y"', where the a;, 6 Z. 

The next lemma is a direct generalization of proposition 17 of [BFK]. 
Lemma 7. TTie functors £ and v are inverse equivalences of categories. 

Next we assign functors to various oriented tangles. If an edge is labeled by k — 1, then we give it a down 
arrow. If an edge is labeled by 1, then it is given an up arrow. 



a i-l 



I 



k-1 



Figure 10. 

To the tangle in Figured! we assign the functor U, )+ , r : D b (0% u "" ar) ) -> jjb^u-^-ui.k-i,^,...,^ 
It is given by 

^+am) = ej*;:;^:;i^--^[-(* - i)]A[:- ;: : : - fc -) C (M). 



k-1 



1 



Figure 11. 
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To the tangle in Figure HH we assign the functor Ui,_, r : D b (0^ 1 '^' ar) ) -> D b^ {ai,...,a i -x,k-i,i,a i ,...,a r )y 



It is given by 



^-.rW=fcS:i:t»i'" ,8r) [ 



-(fc-i)]AS:;;;:!xf'^c(M). 



a i-l 



k-1 



^+2 



Figure 12. 

To the tangle in FigureHUwe assign the functor n i>+ , r : D b (0^, 1 '-' ar) ) -> £&(0^ 1 >---> a «- 1 > a <+ 2 >---'°'-)). It ig 
given by 

n. . I n,f \ — ,,\ , z 

(ai ,. . . ,ai — i ,k,ai+2 )■ ■ ■ »ctr) (fii 



V / (a, ai_i.fc.a,±') a^l f. 



k-1 1 

Figure 13. 



3+2 



a r 



To the tangle in Figure [TBI we assign the functor f\ r : D b (0^, 
given by 



(ai,...,a T )\ _^ r) b(<n( ai '—> ai - 1 ' ai + 2 >---' ar )) n i s 



Ti + r (M) = !/A; <+2 '"' r (L^; *7 



4. Diagram Relations 



In this section we verify that the relations between various intertwiners which have a graphical inter- 
pretation given in figures [3j [4] [5l [6j and [7] gives rise to relations between various inclusion and Zuckerman 
functors. 

4.1. Diagram 1. Our goal is to prove that LZ^ep. is a direct sum of shifted identity functors. First we 
compute the cohomology functors on the generalized Verma module M pj (a) where a = (ai, . . . Oj_i, k — 
1, . . . 0, a J+ fc, . . . a n ). 

Lemma 8. LjZjjeJ^ Af Pi (a) = Af^a) i/i is enen and < i < 2(fc — 1). Otherwise it is 0. 

Proof. First we note that L s ZM qj {a\ ■ ■ ■ (J t .a) = 

M p i (a) if s = t 
if s t. 

Suppose i — 2r. Then the above fact and the short exact sequences from the previous section imply 

<t M v (a) S /., yZ\ K 

Li-\Zq J .Ko = Li^Zq^Ki 
Li-r+lZq^ K r -2 — Li^ r Z^K r -\. 

Now consider — » iT r — » Af qi (<7i • ■ • o r .ot) — > if r _i — > 0. This gives a long exact sequence 
-»L i _ r+ iZ«if f ._i -» Li-rZ^Kr -» L 4 - r < 3 M q3 . . . <7 r .a) S Af'(a) -» 
U-r-xZViKr-x -> Li-r-iZliKr -» Li-r-iZ%M*i(ai ■ ■■ar.a) S 0. 
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Thus it suffices to show Li- r Z^K r = Lj_ r _iZ^i^ r = 0. Using the first fact of the proof we easily see 

Li- r Zqj K r = Li- r -iZqj K r +\ 
Li-k+2Zq 3 j Kk-2 — Li-k+lZq 3 Kk-l = 0. 

Thus Li-rZq* K r = 0. Again using the first fact we easily see that 

Li-r-lZqj K r = Li- r -2Zq J j K r +i 
Li- r -2Zq - K r+ i = Li-r-sZq 3 K r+ 2 

Li-k+lZq 3 K k -2 — Li-kZq 3 . Kk-\ = 0. 

Thus Li-r^Z^Kr = 0. 

Now we proceed for odd i. Let i = 2r + 1. Then we get 

L i Z>j4 i j M>i(a)<*L i - 1 Z p q jK 

Li-lZq^Ko = Li-2Zq-Ki 
Li-r+iZq 3 . K r -2 — Li- r Zq 3 . K r -\. 

Now consider — > A r — > M 9j (ci • • • cr r .o;) — ► ^ r _i — > 0. This gives a long exact sequence 
-► Li_ r Z q p ;M^( CT i • ■■(T r .a) = ^ Li-rZftKr-! -» U- r - X Z%K T Li-r-iZftMUfa ■ ■ -a r .a) . 
Thus it suffices to prove Lj_ r _iZ P j if r = 0. Again using the first fact, it is easy to see that 

Li— r -lZqjK r = Li- r -2Zq 3 -Kr+1 
Li- r -2Zq 3 K r+ i = ii_ r _3Zq 3 J _ft' r+ 2 

Li-k+lZq 3 Kk-2 — Li-kZq - Kk-l = 0. 

Thus Li_ r _iZ^X r ^0. □ 

Lemma 9. Let A — > y Z T(X) be a distinguished triangle in a triangulated category. If h = 0, £/ien 
fftzs triangle is isomorphic toX—>X(BZ^Z^ T(X). 

Proof. Since /i is zero, using the axioms of a triangulated category one could construct a morphism from the 

triangle liy^zi T(A) to the triangle X X ® Z ^ Z ^ T(A). The map from Y to X © Z is an 
isomorphism because the other two maps in the morphism of triangles are isomorphisms. □ 

Proposition 8. l./.l t\ = ©*ljj Id[2r]. 

Proof. We claim that for < n < k — 1, 

T^- 2n LZ P q 3 e^M^(a) S S^V' (a)[2(fc - 1) - 2r]. 
We proceed by induction. The base case is n = fc — 1. Assume by induction 

T^- 2n LZ P q]el)M^{a) - ®^~ n M"[2(k - 1) - 2r}. 
Consider the distinguished triangle 

T <(-2«+i) iZ P, e q, M p 3(a) ^ r^(- 2 " +2 )LZ P ;e^M^(a) -» H^^L^e^M^ (a)[2n - 2]. 
This triangle is isomorphic to 

T <(-2n) iZ Pi e qi M Pi( a ) ^ T <(- 2 "+ 2 )i^^M^(a) -» M p ^(a)[2n - 2]. 
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We would like to compute 

Hom(M P3 (a)[2n - 2],r-~' 2n LZ^ep i j M Pi [1]). 
By the induction hypothesis this is equal to 

Hom(M*(a)[2n - 2], ©^ ~ 1)_n M^ (a)[2(jfe - 1) - 2r + 1]). 

Since there are no non-trivial morphism between a generalized Verma module and itself in different degrees, 
the above must be zero. Thus by the previous lemma 

T ^- 2n+2 LZ^e^M^{a) S T^ 2n L^eJ;M p '( a ) © M»'(a)[2n - 2] £ ©^"^"^"^M^ (a)[2(jfe - 1) - 2r] 

which completes the induction. 

In the Koszul dual situation, the inclusion functor and derived Zuckerman functor become graded trans- 
lation off an intersection of walls and graded translation back respectively. For this fact see [MOS] or [Rh]. 
Then by theorem 4.12 of [J], the composition of these functors is a direct sum of identity functors with var- 
ious shifts in the grading. By Koszul duality these become identity functors with shifts in the grading and 
homological shifts. The computation above for the generalized module indicate exactly what the homological 
shifts are. □ 

Corollary 3. LZ%e%\ [—(k - 1)] = Id[2r - (k - 1)]. 

Remark 4. Lemma 3.5.4 of [BGS] is a geometric version of this result. 

4.2. Diagram 2. This subsection is a restatement of proposition 16 of [BFK]. It could also be proven using 
the techniques for diagram 1, but here we just refer to [BFK]. The following is a functorial version of the 
second relation in the graphical calculus of [MOY] . 

Proposition 9. There is an isomorphism of functors LZ Si e Si = Id ©Id [2]. 

Proof. Sec [BFK] proposition 16. □ 
Corollary 4. e s t [-l]LZ'*e, = e Si [-1}LZ*> [1] © e Si [-l]LZ s > [-1] . 

Proof. This is a direct consequence of the previous proposition. □ 

4.3. Diagram 3. We would like to have a functorial isomorphism corresponding to the third graphical 
relation. 

Recall the definitions of the algebras, pi, q,, and Sj. There are obvious inclusions of subalgebras: q^ C pi, 
qi+i CSi + q,+i, qj_i C p,. 

We begin by studying the generalized Verma module with highest weight a, M Pi+1 (a) = 

M Vl+1 (ai . . . osj, k - 1 . . . , 0, cii+k+i ■ ■ ■ , a„). 

For notational purposes, we will omit the components a\, . . . , aj_i, aj+fc+i, . . . , a„ from the weights in the 
generalized Verma modules in this subsection. Denote by M qi+1 (cri • • • ut-a) the module 

M q * +1 (a,, k - 1 - t, k - 1, . . . , k ^V^- 1,...,0). 

(The term k — 1 — t is omitted.) 

The generalized BGG resolution gives rise to the following long exact sequence 

M"+ 1 (<r 1 -ffn.a) M" i+1 (o-i •• -erfc-2-a) -> > M q * +1 (e.a) -> M p ' +1 ( ai ,k - 1,...,0) 0. 

Then the above sequence gives rise to the following set of short exact sequences: 



0->K a -> Af'+^e.a) -> M Pl+1 (a 4 , k - 1, . . . , 0) -> 
K 1 -> M^+^o-i.a) -> X -> 

K k _ 2 -» M qi+1 (ai • • • a fc _ 2 .a) -» ^ fe _ 3 
0^M" i + 1 (<Ti---a fe _i.a) ^^ fe _2 -»0. 
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Our first goal is to compute LZ q *+ qi+1 e^M^ 1 (oj, fc - 1, . . . , 0). 
Lemma 10. Let ai = I. 

(1) Suppose s = or s = 2. TTien 

l s C i+i £ j:};m'-+ i (oi, k - 1, . . . ,o) = o 

(2) Otherwise we have isomorphisms: 

L^+^e^M^ (a u k - 1, . . . , 0) S L 1 Z* 4 +'"+ 1 M'"+^ (e.^/LiZ^ 1 JT 

LiZj:+ q ' +i jfo = L 1 z;;+ qi+i M , "+ i (ai.a)/Liz;;+ qi+i jf 1 

L s Zql^' +1 K k -l-2 — L s _iZql^?' +1 Kk-l-1 

L {) Z\\XT +1 K k ^ x = L Z s ^ +1 M^{a l ■ ■ ■ a k _ lM ) / L Z S ^ +1 K k ^ 
LoZf+^K^ = LoC" +lM,H1 ( ff i ' ' ' ^-i+i-a)/io^;+ q4+1 ^ fc -j + i 

L ^qi+ 1 q<+1 ^ fe -4 = Lo^+^M^^ • • ■<r k - 3 .a)/L Z 8 £? i+1 K k - 3 
L Z*£? i+1 K k _ 3 = LoZ't+^M^icn ■ ■ ■ a fc _ 2 . a )/L Z^+ q * +1 M^+ 1 ( ( Ti ■ ■ ■ <7*_i.a). 

Proo/. By proposition 5.5 of [ES], L s Zq*+ qi+1 M'' i + 1 (cti • ■ -a t .a) = 

M Si+ ^+ l {a h k-l-t,k-l,...,k-l-t,...,Q) if s = 0,l> k-l-t 
M Si+ ^+ l {k-l-t,ai,k-l,...,k-l-t,...,Q) if s = l,Z<fe— 1 — * 

if otherwise 

Now the functor LZ q *^" q * +1 induces long exact sequences for all the short exact sequences stated before 
the lemma. 

^L 2 Z*l+? i+l K - L 2 z£? t+1 M<*+*(e.a) - ^Z^'e^M^^a) - 
L.Z^^Ko - I^+^M^Ce) - L^+^e^MP^) - 
L Z^ +1 K - L z;;+ ,i+1 M'"+ 1 (e) - Lo^'+^J'+iMP'+^a) - 

-^ J L 2 Z^+ qi+1 J Fr 1 - L 2 z;;+'" +1 M'"+ 1 (ai.a) - i 2 Z q 5 ;+ q ' +1 X - 
LxZ^+^+^i - L 1 Z s ^ i+1 M^(a 1 .a) - L^^Ko - 
L ^qi+ qi+1 ^i - IoCi i+1Mqi+1 (^- a ) - ioZ q 5 i+ q ' +1 X - 



0^i 2 Z q 5 i+ q ' +1 ^ 2 ^L 2 Z q s 

L\Zll + ^' +1 K 2 — > ilZq 

LqZ^^ +1 K 2 — > LqZ\ 



+ 1 ,i+1 I^>( (ri a,a) - L ^qi+ 1 qi+1 ^i 



-L 2 Z q s ;+ qi+1 ^ fe _ ; _ 2 - L^+^M^+Vi • ' - La^'+^fc-^s - 

L 1 Z q s ;+ qi+1 ^ fe _ ; _ 2 - L 1 ^ 1 q<+1 M'"+ 1 (^ ' ■ ^fc-i-2.a) - LiZ^+ qi+1 ^_ ( _ 3 - 
Lo^:+ qi+1 ^-!-2 - ioZ q s I+ qi+1 M q '+ 1 (a 1 • ■ -trfc-i-a-a) - Lo^+^+^fc-i-s - 



17 



This concludes the first set of exact sequences. Then we have the following isomorphisms. 

L ^I+i q,+lMq,+1 (^i • -^k-l-i-a) = L 1 Z^ + 'M^{a 1 ■ ■■a k -i- 1 .a) 

S L 2 ^*+ qi+1 M^+ 1 (a 1 • ■■<r l _,_ 1 .a) 
= 0. 

Now we have this second set of exact sequences: 

UZZXT^Kk-i - Li^i+ qi+1 M^+ 1 (^i • ■ -^fc-i-a) - Li^i+ qi+1 if fe -;-i - 



-L 2 3j£ q<+1 tf fc _ I+1 - L^+^M^+V! . . . CTfc _ z+1 .a) - L 2 3j£ ,i+1 tf fc _, - 



0^L 2 Z q 6 i+ q * +1 ^ fc 


-1+2 - 


- L 2 Z q 5 ;+ qi+1 M^ 


+ 1 (<7 1 - 




i+2 


.a) - 


-* L 2 Zq 




i+i 




-1+2 - 


-> L 1 Z q ;+ qi+1 M q 




• CTfc- 


1+2 


.a) - 


-> LiZ q 




;+i — > 


LoZql^ t+1 K k 


-1+2 - 


- L Z q 5 i+ qi+1 M^ 




' CTfe- 


1+2 


.a)- 






i+i -»0 



^L 2 Z q s 


+ 1 


— > ^2^q 


+q«+i M q 


+ 1 (<T 1 - 


• Ofc_ 


2 -a) 


— * ^2^q 


+ +qi+1 ^ fe - 


3 — > 


LlZq 


+q»+i 


— > Ll^ q 


+q«+i M q 


+ 1 (<7l- 




2 -a) 


— > L\Zq 


+ +qi+1 ^ fe - 


3 — > 


LoZq 


+ l 


- * ^O^q 


+1«+i M q 


+ 1 (<T1- 


•CTfe- 


2 -a) 


— > Lo^q 




3^0. 



Now we know 
and that 



^2^q, + 1 J^k-2 = LiZ, Q . 



q»+i ^fc-2 — 0, 



L Z q s :+ qi+1 ^ fe _ 2 = M* + <*+* (ai, 0, fc - 1, . . . , 1). 



In the first set of sequences, L Q Z^ i+1 M^+ 1 (ai ■ ■ ■ a t .a) = 0. Thus L Z^ i+1 K t _ x = and LoZq'+i^ 1 *^ 1 (a) 
0. Also L 2 Z*£? i+1 M<* i + 1 (ai ■ --at.a) so L 2 Z s q ^ i+1 K t ~ 0. Therefore each sequence in the first set pro- 
duces a short exact sequence 



- LiZ*lt? i+1 K t - L 1 Zj:+ q ' +1 M'"+ 1 (ai • • • a t .a) - L 1 Z q s ;+ qi+1 ^ t _ 1 



0. 



Thus we have part of the lemma: 



LlZql^ t+1 Kq 



L 1 Z q s ;+ qi+1 M^+ 1 (<7 1 .a)/L 1 ^j+ qi+1 ^ 1 



In the second set of exact sequences 

L 2 Z^ i+1 M^(<ri ■■■at.a)* Li Z q *^" qi+1 M qi+1 (cr i • • -cr t .a) 



0. 



Thus 



Lo^:+ qi+l J ft:^L 1 Z"i^ i+1 ^ 



J 2^q, +1 



Si+q;+i 



l^q i+ i 



0. 
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Therefore each sequence in the second set produces a short exact sequence 

- L Z^^K t -> UZZ^M^{o x ■ ■ ■ a t .a) - L Z*£? i+1 K t _t - 0. 
These short exact sequences give the rest of the lemma. □ 

Next we would like to include this object back into qi+1 and then apply LZ*\+\. That is, we would like 
to compute 

iCC^^'^lfli.*- 1, ■ ■ ■ .0). 

Therefore we want to compute 

L s Z^l4^ +i L lZ ^M^(a,, k - 1, ... ,0). 
We begin with something simpler. 

Lemma 11. There is an isomorphism: 

L^XlefX^L^+^M^^ ■ ■■a k _ 2 .a)/L Z*:+ q * +1 M^(vi ■ ■■**-!.<*)) = 

M pi+1 (ai,k- 1,...,0) i/ s = k-2,k 
i/ s ^ fc - 2, fc. 

Proof. Consider the short exact sequence 

Once we understand the first two terms, we will be able to understand the functor applied to Kk-s- 
So first we compute L s Z^+le q s X qi+1 L Z^ i+1 M^ 1 (<ti • ••<r fe _i.a). This is isomorphic to 

L s z*zizVX\ i+ , M * i+ " i+1 0, fc - 1, . . . , 1). 

For this, consider the short exact sequence 

M^O^fc- 1,...,1) Af'+^O.fc- 1, . ..,1) -> M Si+<ii + 1 (a h 0, k - 1, . . . , 1) 0. 
Now LsZ^+lM^iO, Oi, fe — 1, . . . , 1) = for all s. Also, 

L a Zj 1 +i lMq<+1 (°i. °» ■.!) - 

M^+^Oi.fc- 1,...,0) if s = fc-l 
if s ^ k - 1. 
Thus L^^W^^M^^ • -^.a) = 

M^+^a^fc- 1,...,0) if s = k-l 
if s^k-1. 

Next we compute L s Zj*^ 1 1 e^*^ 1 q . +i L 2'qI+i q * +1 M qi+1 ((7i • • -oT^-a)- This is isomorphic to 

L s Z»^X\ i+1 M Si+ ^{ ai , 1, k - 1, . . . , 2, 0). 
For this, consider the short exact sequence 

M^ +1 (1, Oi, fc - 1, . . . , 2, 0) -> M q ' +1 (ai, 1, fc - 1, . . . , 2, 0) M Si+<l< + 1 (a u 1, fc - 1, . . . , 2, 0) 0. 

Now L s Zj;+ 1 1 M^+ 1 (1, Oi, fc - 1, . . . , 2, 0) for all s. Also, 

M pi+1 (ai,fc- 1,...,0) if s = k-2 
if s^k-2. 

Thus 

L a < i + 1 e2 i ^ 1 qi+1 L z;;+ ,i+1 M'"+ 1 (ai • • -<7 fe _ 2 .a) - 

M pi+1 (oi, fc - 1,...,0) if s = k-2 
if s^k-2. 
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Finally, we consider the long exact sequence for the functor LZ\\+\ for the short exact sequence considered 
in the beginning of the proof. It is 

• • • ^LsZ^e^^LoZ^^M^i^ ■ ■ ■ ffM . Q ) - L s Z^l^ +i L Z^ +1 (a, ■ ■■<J k _ 2 .a) -> 

L s zP;:ie^ +1 e^ +1 (L Z^^K k _ 3 - L a . 1 Z p q ^X\ t+1 L Z'^ 1 M^(a 1 ■ ■■a k - 1 .a) - 



.Z^l^lLoZ^^M^ia, ■ ■ ■ a k _ 2 . 



i+i L Si + q i+ i 

If s = fc — 2 a portion of this long exact sequence reduces to 

- M*^*, fc - 1, . . . ,0) - L fe _ 2 Z q p ;: i 1 e s q ;+ 1 qi+1 (L ^:+ qi+1 ^ fe -3) - 0. 

Thus 

L fe _ 2 Z q p ;^e?; +1 ^-3 = M^(a u k - 1, ... ,0). 
If s — 1 = fc — 1, then s — fc and the sequence reduces to 

- LfcZ^eJ^^Lo^'+^fc-s) - M^( a ^- 1... .,0) - 0. 

Thus 

L k Z*Zle«X\ i+1 K k - 3 - M^' (a,, fc - 1, . . . , 0). 
For all other values it is 0. □ 

Lemma 12. Suppose 3 < t < I + 1 and a, = I. If s = k — t + l,k — t + 3, . . . ,k + t — 3, f/iera 

^^^^ s+i (i ^ I+1 M^ + H^i---a fc _ t+1 .a)/L ^ l+1 ^-* + i) 

SM»<+ 1 (o j) A-l,... 1 0). 

Otherwise it is zero. 

Proof. We proceed by induction on t . The base case is the previous lemma. 
As in the proof of the previous lemma, we find that 

L 8 Z p q ^X\^ 1 L Q Z' q ^M^(a 1 ■ ■ -a k - t+ i.a) - 

M^+^a^k- 1,...,0) if s=fc-t+l 
if s ^ k - t + 1. 

We also have analogously a long exact sequence 

• • • ^L s Z^^ +i L a Z^ +1 K k - t+1 - L^^+A^^^+Vi ' ■ ■Vk-t+i-a) ^ 

^s^qi+i e s]+q i+ i^0-^q*+i q * +1 Kk-t ~> ^ s-I^^^^.^LqZ^^ 1 K k ^ t +\ —> 

L^Z^l^^LoZ^^M^ia, ■ ■ ■ a k . t+1 .a) 

Now note that by the induction hypothesis L s Z^+l L v z ZXT^ K k -t+i = unless s = k-(t-l) + 
l,...,fc + (t-l)-3. 

Suppose s < k — t. Then 

L a Z^ 1 1 6^ 1 qi+1 Lo^ 1 ,i+1 M"+ 1 (^i ' ' ' vk-t+i-a) = L s ^Z^e^ +i L a Z^^ M^{a, ■ ■ ■ a k . t+1 .a) - 0. 
Now just apply the induction hypothesis. 
Suppose s > k — t + 3. Then 

L s < i : i 1 e s q ;+ 1 qi+i L ^qi+ 1 qi+1 M^+ 1 (^i ' ■■vk-t+i.a) = L a - 1 Z>£e*%\ i+1 L Z'£? i+1 M^(a, ■ ■■a k . t+1 .a) £* 0. 
Now just apply the induction hypothesis. 

Suppose s = k — t + 1. Then the long exact sequence and the induction hypothesis gives 
- M^(a u fc-1, . . . ,0) - L fe _ t+1 < i + 1 e q :; i qi+1 Lo^:+ qi+1 ^-t - L fc _ t Z^ e :^ s+i i ^ I+1 ^- t+ i = ( 

Suppose s = k — t + 2. Then the long exact sequence and the induction hypothesis gives 

- L^Z^l^^LoZ^K^ - i fe _ t+1 Z^ e :;^ i+1 Lo^ l+1 ^- t+ i = 0. 
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□ 

Corollary 5. If s = k - I, k - I + 2, . . . , k + I - 2, 

i S C £ S (+I L «C q<+I ^-l-i = MPl+1 K k-l,...,0) 

Otherwise it is zero. 

Lemma 13. If s = k — I — 1, fe — I + 1, . . . ,k + I — 1 then 

L s 4;^e^ i+i (L 1 Z^* +1 M^+ 1 (^i---^-i-2.a)/ii^ 1+1 if fe -/- 2 ) 
= M^(a t ,k-l,...,0). 

Otherwise it is zero. 

Proof. From the previous corollary we know that 

e 5l+cll+1 ^o^ci 1+1 — 

M pi+1 (at, fc - 1,...0) if s = k-l,k-l + 2,...,k + l-2 
if s^k-l,k-l + 2,...,k + l-2. 

By lemmaUffl LiZj^'^w = L Z q s , i +" i+1 ^_ i _i. Thus 

M^+^auk- 1,...0) if s = k - l,k - I + 2, . . . ,k + 1 - 2 
if s^k-l,k-l + 2,...,k + l-2. 

Next we compute L s Zj^ 1 1 e^*^ 1 q . +i LiZq*^' 1 qi+1 M <Ii + 1 (ci • • •crfc_i_ 2 .a)- It is isomorphic to 

i«^ 1 1 <T, 1+1 M* 4+, "+ 1 (i + 1, a., fc - 1, . . J + 2, /, . . . ,0). 
In order to handle this, consider the short exact sequence 

M q ' +1 (l+l, k-1, 1+2, l,...,0)^> M q * +1 (l+l, a,, k-1, 1+2, 1,..., 0) -» M Sl+qi+1 (Z+l, a u k-1,..., 1+2, 1,..., 0). 
The long exact sequence for the functor LZ\^\ gives 

i^i 1 Li A/ q ' +1 ((Ti • • • <J k -i-2 -a) <* 

M^+^ai.A:- 1,...,0) if s = fc-/-l 
if s^k-l-1. 

Now consider the short exact sequence 
- e^^L^i^ 1 ^^ -> e q *+ 1 qi+lJ Li^:+ q<+I ^" i+1 (^ ' ■ ^k-l-2-a) - ^^liC^^-l-^ - 0. 

This gives rise to a long exact sequence for LZ^tl . The long exact sequence together with the first two 
paragraphs of the proof easily give for s > k — I + 1 

LXt:t4% i+1 Li Z «£? i+lK k-l-3 = M v ' +1 (a u k - 1, . . • , 0) 
if s = fc — I + 1, . . . , k + I — 1 and zero otherwise. 
If s = k — I the long exact sequence gives 

i s ^- + 1 1 es I ! + q i + 1 il^q*+ i q * + 1 Kk-l-3 — 0. 

If s = k — I — 1, the long exact sequence gives 

L s Z%XlzVX^ + M Z *£? i+lK k-i-3 = M P ' +1 (ah k - 1, . . . , 0). 
If s < k - I - 1, then L i ^ < *+ I 1 e^+ I L 1 Zj:+ ,i+I /ir fc _ I _3 = 0. □ 
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Lemma 14. Suppose l + 3<t<k+l. Ifs = k-t + 2,k-t + 4,...,k + t-4 then 

LsZ^le^^L.Z^^M^ia, ■ ■ ■ a fe _ t+1 .a)/L 1 Z^ +1 ^ fe _ t+1 ) S M^a*,*;- 1, ... ,0). 
Otherwise it is zero. 

Proof. We proceed by induction. The base case is lemma [T51 
As in lemma [TBI we compute 

L s Z»;:iel% i+1 L 1 Z^^M^(vi---°k-t + i.a) = 

L s Z^le q ^ + \ l+1 LiZ^ +1 M^{a u . . . , a h t - 2, k - 1, . . . , t - 1, t - 3, . . . , 0, . . . , a n ) S 
L s Z*tlle*;X\ i+1 M* i+ ^{t - 2,a h k - 1,. ..,t- l,t - 3, .. .0). 

Now consider the short exact sequence 

— >M qi+1 (a,, t — 2,k— l,...,t- l,t-3,...,0) -> 
M qi+1 (i- 2,a i; A; - 1, . . .i - l,t - 3, . . . , 0) -> 
M s<+qi+1 (i — 2, Oi, fc — 1, . . . , t — 1, i - 3, . . . , 0) — ► 0. 

The long exact sequence for LZ\^\ gives 

L^^e^^L^^^M^ 1 ^! • ••<T fe _ t+1 .a) £* Af^ai, . . . , a h k - 1, . . . , 0, . . . , o») 
if s = k — t + 2 and zero otherwise. 

Now consider the short exact sequence 
^ e^^Lx^^^ 

This gives rise to a long exact sequence for LZ\\+\ . 

Now by the induction hypothesis, the long exact sequence and the first paragraph, the lemma is true for 
s > k-t + A. 



Suppose s = k — t + 3. Then the long exact sequence becomes 
By the induction hypothesis 



^fc-t+2^q 5 - + 1 1 es I 1 + 1 qi+1 il2'q- + i q ' +1 - ft 'fc-t+l — 0, 

so 

^fc-t+3^q i+ i Es.+qi+i^l^qi+i A fc-t = U. 

Suppose s = k ~ t + 2. Then the long exact sequence becomes 

-^L k ^ t+2 Z^lell'\! qt+1 L 1 Z^^ +1 K k - t +i — > ifc-t+2^q*+i 1 es*+ 1 qi+1 ii^+i qi+1 ^ I ' I+1 ( cr i ' ' • a "fe-t+i- a ) -> 

r 7?i+l^qi + l 7- 7 5i + q i + i r 7 Pi+i Ai + i T ySi+qi+i t>- 

^fc-t+2^q, + i e Si + qi + 1 ^l^q I + i ^-fc-i — * -tvfe-t+l^q i+1 e Si +q i+1 -^l^q i+1 — > • • ■ . 

By the induction hypothesis 

^fc-t+2-^q I+1 e Si +q I+1 ^l^q, + i Afc-t+1 = i,/e-t+l>5q i+1 e a . + q. +1 -Li/iq i+1 A fc _ f+ i = U. 

Thus 

Lk~t+2Zql+lesl+\ t+1 L 1 Zql^ +1 K k ^ t = L k ^ t +2Z^le^ 1 q . +1 L 1 Z^^ +1 M q,+1 [ct\ ■ ■ ■ o- k - t +i-a) 

SM"«+ 1 (ai,*-l,... J 0). 

Thus the claim is verified for s = fc — t + 2. 
Finally suppose s < k — t + 1. Then 

L s ^;: i 1 4 i | 1 q i+1 il^ 1 '' i+1 ^ ,i+1 (^ • • ■ **-*+!•«) = 

L s _ 1 ^q p *+ 1 1 e^+ 1 q i+i L 1 <*+ q<+1 M q *+^( ( 7 1 • -a k - t+l .a) S 0. 
This case is then true by the induction hypothesis. □ 
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Corollary 6. If s = 1,3,..., 2(k - 1) - 1 then 

LsZ^e^X^LiZZt^^M^ia,, k - 1, ... ,0) <* M^K, fc - 1, . ..,0) 
and zero otherwise. 

Proof. This is a direct consequence of the previous lemma. □ 
Corollary 7. for s = 0, 2, . . . , 2(k - 1) - 2 

^4;:^^; s+1 ^^ ,+1 epi:^ Pi+i K, * - 1, ■ ■ • , o) = * - 1, . ..o). 

It is zero otherwise. 

Proof. This follows from the previous corollary and noting that 

LZ^ +1 e^M^( ai ,k - 1, ... ,0) a ii^q*+ 1 <,<+1 ep*^M pi + 1 (a;, A; - 1, ... , 0)[1]. 

□ 

By adjointness, there is an isomorphism 

riom(^z qi+1 e Pi+1 , Jv^ qi+1 £p i+ J — nom|e Pi+1 , e Si+q . +1 l^q i+1 e p i+ J- 
Call the image of the identity morphism under this isomorphism <fi. Then 

r yPi+iA. T yPi+i^li + i , r vPH-i^li+i T ySi+li+i ,11+1 

^A) 4+ i9>- ^q,+i e p,+i — ► -^^qi+i^i+qi+i-^^+i e Pi+i- 

By proposition El we know LZj^e^; = ©*Zq Id[2r]. 

Finally we have an isomorphism of functors lifting the third graphical relation. 

Proposition 10. There is an isomorphism 

T^-Hzfcl [-*>]</>: ® k r z{ U[2r - fc] - LZ^e^ i+1 [-1}LZ*£?^ e&l [-(* - !)]• 

Proof. We need to show that the cohomology functors of t-^" 1 LZ\\+\§ when applied to the generalized 
Verma module are isomorphisms. In the previous lemmas we needed to compute 

LZ*ille%+ + \. +1 M Si+ ^{a u a i+1 , a i+2 , ■ . . , a i+k ) . 
The calculation was made by considering the short exact sequence 

-> M^ +1 {ai + i,ai,a i+ 2, . . -,(H+k) -* M qi+1 (at, a i+1 , a i+2 , . . .,a i+k ) -> M 5i+q * +1 (a,-, a i+1 , a i+2 , ■ ■ .,<H+k) ~> 



It is clear that if {04+1, . . . , a,i +k } = {k — 1, . . . , 0}, then the isomorphism 

LZlillef+ + \ i+x M Si+ ^{ai,a i+1 ,a i+ 2, ■ ■ .,a i+k ) S M^( ai ,k- 1, . . . , 0)[fc - 1 - a l+1 ] 



comes from the natural transformation Id — ► el^ 1 q . +1 LZql^ t+1 . If instead it is the case that {oj, 04+2, . . . , Oi+fc} 
{fc — 1, . . . , 0}, we need to demonstrate the isomorphism in a different way so that it is natural. 

Consider the short exact sequence in the category 0(gl k+1 ) 
-> M q2 (ai + i,ai, a i+ 2, ■ ■ ■ , a i+fc , ) -> M q2 (a^, a i+ i, a i+2 , . . . ,Qi+fc, ) -> M Sl+q2 ( aj, 04+1,0,42, ■ ■ • , aj+k,) -> 0. 

In this category, the objects at the beginning and end of the sequence are self dual with respect to the duality 
functor d because they are simple. Thus there is an exact sequence 

M* 1+q2 (oi,Oi+i,Oi+2, • ■ .,(H+k,) ^ dM q2 (o i ,a i +i,Oi+2, . • -,a l+kl ) -» M q2 (a i+ i, a,, a i+2 , . . . ,a i+k ,). 
- v * ' s v ' v v ' 

Now we take an external tensor product on the left with the Verma module M(oi, . . . , a,_i) and on the 
right with M(o,+fe+i, . . . , a n ). This will give an exact sequence in 0(gl i _ 1 © g[ fc+1 © gl n _ k _ i ). Then we may 
induce it to the following exact sequence in G(gl n ) : 

M s<+qi+1 (oi, . . . , 04-1,04, Oj+i,Oi+2, • • • , a l+kl . . . ,a n ) ^ X -» M qi+1 (oi, . . . , 04-1,04+1,04,04+2, ■ ■ ■ , ai +k , . . . , 
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The object X is obtained by taking an external tensor product of Verma modules with a dual generalized 
Verma module followed by parabolic induction. Since LZ\\+\ naturally commutes with this composition of 
functors, it suffice to compute 

LZ 9l dM Ci2 {a i ,a i+1 ,a i+ 2, ■ ■ -,a i+k ,)- 
. ' 

This is easily seen to be zero. Thus the isomorphism 

LZ q p ;+ 1 e^;+ 1 qi+1 M^+^+ 1 (a,, Oj+i, Qj+2, ■ ■ ■ , ai+k) = M p ' +1 (oj, k - 1, . . . , )[fc - 1 - a,} 

also comes from the natural transformation Id — > e^l+q i+1 LZql+? i+1 ■ 

Therefore the natural transformation stated in the proposition is an isomorphism for generalized Verma 
modules. Then it must be true for any projective object by induction on the length of its generalized Verma 
flag. The theorem is then true for an arbitrary objects by considering a projective resolution of it. □ 

4.4. Diagram 4. For case of notation, we abbreviate the algebras defined before for this subsection as 
follows. 

Definition 12. Let 

(1) a = pi + q i+k 

(2) (3 = q,_! + q l+k 

(3) 7 = q 4 _i + Si+k-i + qi+k 

(4) S = q 4 _i +p l+k . 

We begin with a generalized Verma module 

M a (ai, . . . di-i,k - 1, ... 0, a l+ k,a i+ k+i, ■ . ■ a»+2fe-i, a%+2k, ■ ■ ■ a„). 

^ . ' * v ' 

Since the coordinates ai, . . . , a,_i, ai+2k, ■ ■ ■ ,a n play no role in the computation, we omit them when labeling 
generalized Verma modules. Suppose a^k — Z. Let us denote the module above by M a {l). 

There are short exact sequences arising from the generalized BGG resolution: 

K -> M (3 {k - 1, . . . , 0, 0, a i+k , Oi+fc+i, . . . , a l+2k -i) -» M a {l) -» 

V v ' S v ' 

-> ifi -> M /3 (/c - 1, . . . , 1,0, l,aj+fc,ai+fc+i, . . . ,a»+2fe-i) -> K -> 

V v ' * v ' 

-> Ki-x -> M /3 (fc - 1, . . . , Z - 1, 0, Z - 1, a i+k , (H+k+i, a»+2k-i) -> #i-2 -> 
v . ' * . ' 

— > X; — ► M /3 (fc - 1,.. . , Z,0,Z,aj + fe,a, + fe + i, . . . ,ai+2fc-i) — » — » 

^ . ' ^ v ' 

-> Xj+i ->■ Af /3 (fc - 1, . . . ,Z + 1,0, Z + l,a i+fe ,a i+fc+ i, . . . ,a; +2 fc-i) K t —> 

V v ' * v ' 

— > iffe_i -> M^( fc - 1^. . . ,0 , fc - l,a i+k , ai+k+i, ■ ■■ ,JH+2k-i ) — > ^fc-2 -» 0. 

Lemma 15. Tfeere are erracZ sequences: 

-> LiZ^q -» MT(fe - 1, . . . , 6, a l+k , 0, Oj+fc+i, . . . , a i+2fc _!) -> L 1 Z«e^M Q (Z) - 

^ V v ' * v ' S v ' 

-> LiZjKx -> M 7 ( fc - 1, „ . , i, , aj+fc, 1, Oj+fc+i, ■ ■ ■ , a t +2fc-i ) -> L^jKo -» 

-> L 1 Z] l K l - 1 -> M 7 (fc - 1, ... ,Z - 1,0, a i+ fe,Z - l,a i+fe+ i, . . . ,a J+2fe -i) -> LiZlKt-i -> 

LiZjKt = L^ZjKt^Vi 

-> LqZJKi+i -> M 7 (fc - 1, . . . ,Z + 1,0, Z + l,a i+fe ,a i+fe+ i, . . . ,a i+2 k-i) -» L ZlK t — > 
p s . ' ' ' M 



24 



-> L ZjK k -i -> Af 7 ( fc - 1^. . . ,0 , fc - 1 a i+ k , a i+k+1 , . a i+2k -i ) -> Lo^J#*-2 -> 

Proof. In the first set of sequences, LoZp must be zero. Also, LiZjKi = L 2 ZpKi-i = 0. Then LiZlKi+i = 
L 2 ZjKi = L 3 ZpKi^i — 0. We also have LiZjKi+% = L 2 ZjKi +1 = and so on. This gives the second set 
of exact sequences. □ 

Corollary 8. There are exact sequences: 

-» e^ZjKo -> M 7 (fc - 1, . . . , 6, a J+fe , a I+ fc+l, ■ • ■ , ai+2fe-l 

-» ^L X Z}K X -» e^M 7 ( fc - 1, . , 1, , a i+fc , l a lW i, ■ ■ ■ , «*+2fc-i ) -» e^ZjKo -» 
-> e^LiZ^J-i -> e^M 7 ( fc - 1, . . . , Z^j, , a i+fc i - 1 Qj+fc+i, ■ ■ ■ , a»+2fc-i ) -» e^i^^-2 -» 

-> e^L ZjK l+1 -> efoT (fc- 1, .. . ,1 + 1,0 ,1 + 1) Oi+fc a-i+fe+li ■ ■ ■ i a i+2fc-l 

-» ePL a ZjK k - 1 -> e^M 7 ( fc - 1^. . . , , fc - 1 a. t+ fc a i+fc+ i, . . , a. t+2fc -i ) -> e^L ZjK k ^ 2 -» 

Lemma 16. Le£ {aj+fc+i, . . . , a^/c-i} = {fc — 1, . . . , m, . . . 0}. Let m ^ I. If s = k — 1, 
L„Z$e^L 1 ^4M a = M s ( k-1,... m,...,0, a i+k , k- 1,0) . 

Otherwise it is zero. 

Proof. This follows easily from the previous corollary. □ 
Now consider 

M s = M 5 {a h ai + *_2, aH-fc-i, fc - 1, . . . , 0) 
% v ' " , ' 

and let a i+k _i = I. There are short exact sequences 

J -» M g ( aj,... ai +fc -2 , o<+fc-i, fc - l, fc^l,...,q ) -> M*(l) -» 
-> Ji -> M /3 (a i , . . .,aj + k_2,Oi+fc-i> fc - 2, A; - 1, k - 2, . . . ,0) -> J -> 

v » ' V v ' 

-> Jfc-i -> M { a u . . . ,a i+k _ 2 , Oj+k-i, 0, fc - 1^. . ■ , ) -> Jfc-2 -> 0. 

Corollary 9. There are exact sequences: 

-> e^ZjJo - ^f( tt „..., a i+fc _2 , fc - 1, Oi+fc-i, fc^l, . . . , 0) -» e^^M^l) -» 

-> e^LxZjJr -> ^M 7 ( a z ,... a i+fc _2 ,fc- 2, a i+fc _i, fc - 1, fc^2, . . . , ) -» efaZjJo -» 
e^LiZ^Jjk-i-a ^ (m, . . . , a i+fe -2 , j + 1, Qj+fc-i , fc - 1, f+1, • ■ ■ , ) -» e^LiZjJ k -i- 3 -» 

V V v 

e^LiZjJk^i-i ^ e^L 4+ iZ^L fe _ ; _2,Vi 
e^L ZjJ k -i -» e^AH ( oj, ■ ■ ■ , o^-a , Oj+fc-i , f - 1, fc - l.Z^l, . . . ,0 ) -» e^o^Jfc-i-i -» 

e^LoZp^x -» ^( gj, . . . , Oj+fc-a , Qj+fc-i, 0, fc - 1 , ■ ■ ■ , ) -♦ e^L ZjJ k ^ 2 -» 
Proof. This is similar to corollary [8] □ 
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Lemma 17. Let {a^, . . . , = {k — 1, . . . ,rh, . . . , 0}. Let m ^ I. If s = k — 1, then 

L^e^Zje^M^l) = M a ( k - 1 . . , Q ; ,a i+k -i, k - 1, . . , m . . . , ). 

Otherwise it is zero. 

Proof. This follows from corollary [H 

We must now study the case when I = m. 
Lemma 18. Let m = I. Then L.Z^LiZje^M ^) = 

M 5 {0) I ... /M s {k - 1) if s = k-l 
Lk^Zje^LtZjK^s if s = k-l 

and there is an exact sequence 

-» M\l)/ . . . /M\k - 1) -> Lk-i+i^LtZ^K,^ -> M 5 (Z + 1)/ . . . /Af 5 (fc - 1) -+ 0. 

Proof. From corollary [8] we get L s Z^e^L ZjKk-2 — 

M s (k-l) if s = jfe-Z-l 
if s^k — l — 1. 

Continuing in this way and using the corollary we get L s Zpe@LoZjKi = 

M s (l + 1)/ .../M 5 (k-l) if s = — Z — 1 

if s ^ k - I - 1 

and then L a Z^LiZjKi-i = 

M S {1 + 1)/ .../M s (k- 1) if s = fe-Z-l 

if s^k-l-l. 

Corollary [8] then gives an exact sequence 

-» M'O - 1) -» L^iZy^ZjK^ -» Af 5 (Z + 1)/ . . . /M 5 (fc - 1) -> 0. 
Next the corollary gives the following diagram: 



M a (( - 1) 



□ 



^ L k _ l + 1 zf je ^L 1 ZjK l _ 3 



L k _ l Z^L 1 Z^K l _ 2 



M*{1 + 1)/ . . . /M"(k - 1) 



M S (l - 2) s- L k _ l Z 5 fl ^L 1 Z^K l _ 3 5- 



Since that the map M s (I — 1) — » AI S (I — 2) is standard, the above diagram can be extended to the following 
commutative diagram. 
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M 5 fl)/ . . . /M s (k - 1) 5- M s (l - 1) M s (l - 2) 

^ L k _ l + 1 zl,^L 1 ZjK l _ 3 s~ L k _,Z s ^L 1 ZjK l _ 2 ^ M s (I - 2) ^ L k -l ZptfLi Z}K,_ 3 ^ 

s- M s (l + 1)/ . . . /M S (k - 1) 3~ M s (l + 1)/ . . . /M 6 (k - 1) 

" 



The surjection in the first column arises from the snake lemma and formulas for dimensions of spaces of ho- 
momorphisms between generalized Verma modules given in [Sh]. It also implies that Lk-iZ^e^LiZjKi^^ = 
M s (l — 2)/ . . . /M s (k — 1) and there is an exact sequence 

- M\l)/ . . . /M 5 (k - 1) -> L^+.Z^L.ZjK^ -» M s (l + 1)/ . . . /M s (k - 1) -> 0. 
Continuing in this manner and using corollary [8] gives us the lemma. □ 
Lemma 19. Let m = l. Then L^^e^LxZje^M^l) = 

M a (fc-l)/.../A/ Q (0) if s = l + l 
Li^Z^LxZpk-i^ if s = k — 1 

and there is an exact sequence 

-> M a (l)/ . . . /M a (Q) -> L^Z^Lx^Jh-l-i -> M a (l - 1)/ . . . /M Q (0) -> 0. 

Proof. We use the exact sequences of corollary |H1 

If s = I, L s Zpe!^LoZjJk-2 — M a (0) and is zero otherwise. 

If s = I, L s Z^e^L ZjJ k ^ 3 ^ M a (l)/M a (0) and is zero otherwise. 

Continuing in this way, 

If s = I, LsZ^ePLoZjJk^i-! M a (l - 1)/ . . . /M a {0) and is zero otherwise. 
Next we get an exact sequence 

-> M a (J + 1) -> L I+ i^^Li^J fc _i_3 - M a (i - 1)/ . . . /M a (0) 0. 

Corollary [9] then produces the following diagram: 

o 

A/ a (i + 1) 

s- £ !+2 ^6^il^J Ji ._ I _4 L l + 1 Z^ c ^L 1 Zj j J k _ l _ 3 5~ M a {l + 2) 5- L l + l Zf J ^L 1 ZjJ k _ l _ i s- () 

M a (l - 1)/ . . . /M a (0) 


Thus Li+iZ^e^LiZj Jfe-i-4 = M Q (i + 2)/ . . . /M a (0) and there is an exact sequence 

_> M°(i)/ ■ • • /M a (Q) -> Li +2 Z^LtZ}J k ^ A -> M"(/ - 1)/ . . . /M°(0) 0. 
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Using the rest of the exact sequences of corollary [3J we easily obtain this lemma. (The details are the 



same as lemma [ 



□ 



For the rest of this subsection, let F = LZ^LxZ 1 ^ . Let G = LZ^LxZje^. 
Lemma 20. Let I < k — 1. 

(1) H- s FM s (l)/ ... /M s {k- 1) = 

M a (k- l)/.../M Q (0) if s = 1 + 1,1 + 3,..., 2(k-l) -I -1 
M a {l- l)/.../M Q (0) if s = k-l. 

(2) H- s GM a (l)/ .../M a (0) = 

M s {0)/ ... /M s {k- 1) if s=k-l,k-l + 2,...,k + l-2 
M 5 (l + 1)1 ■■■ /M s {k - 1) if s = k-l. 

Proof. (1) Consider the exact sequence 

-> M s (k - 1) -> ► M 5 (Z + 1) -> M 5 (Z) -> M s (l)/. . . /M s (k - 1) -> 0. 

By lemma [T91 applying .F gives the following complex with vertical short exact sequences: 

o oo 



M a {k - 1)/ . . . /M a (0) 



L k _ 1 FM 5 {k - 1)C 



M Q (i + 1) / . . . /M°(0) 



M°(I)/.../Af Q (0) 



M=(fc - 2)/ . . . /Af"(0) 



M a (l)/ . . . /M a (0) 



it-l«/ 4 (0/ .../M 6 (k- 



M a {l - 1)/ . . . /M°(0] 



It suffices to show that the map L k - X FM s {l+l) -> L k -iFM & (l) factors through M a (l)/ ... /Af Q (0). 
Suppose that the generalized BGG resolutions for M 5 (7 + 1) and M s (l) give rise to short exact se- 
quences involving modules B i and Bi respectively. Let M@(r, s) = M^iai, . . . , a,i +k -2, r, s,k — 1, . . .s, . 

" » ' V v 

There is a commutative diagram: 



0- 



k-l-3 



Mf*{l + 1,1 + 2) >- B 



k-l-4 



B 



k-l-3 



■M' 3 (l,l + 2) >■ B, 



k-l-4 ■ 







Now apply F to get the following commutative diagram: 



Li +2 FBk-i-4 



L l+1 FB k _ l _ 3 ^M«(l)/.../M<*(0) 



L[ +1 FBk-is 



M a {l + 2) 



Thus im(i) C ker(j) = im(h) = L l+2 FB k -i-4. Thus the map L k _iFM s (l + 1) 
factors through M a {l)/ ■ ■ ■ /M a (0) as desired. 

Now the long exact sequence for F gives H~ s FM s (l)/ ■ ■ ■ /M s (k — 1) = 



L k ^FM s {l) 



M a (k- l)/.../M 5 (0) if s = Z + l,Z + 3,...,2(fc-l)-Z-l 
M a (l — 1)/ . . . M a (0) if s = k-l. 
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(2) This follows exactly as the first part. 

□ 

Lemma 21. H~ a FLZ^LtZje^M 01 ^) 

M a (k- l)/.../M s (0) if s = k-l + l,k-l + 3,...k-l + 2(k-l)-3 
M a (l) if s = 2(fc-l). 

Proof. By lemma HH there is a distinguished triangle 

Lk^Z^L.ZjK^ik - 1] - LZ%e*L 1 Z]l4M a U) -> M 5 (0)/ . . . /M 4 (fc - l)[fc - Z]. 

By proposition [ini H~ s FM s (0)/ . . . /M s (k - l)[k - 1} = M a (k - 1)/ . . . /Af Q (0) for s = jfe - Z + 1, fc - Z + 
3, . . ., fc — Z + 2(fc — 1) — 1. 

From the commutative diagram of lemma IT51 we have the short exact sequences: 

-» Lk^+.Z^L.ZJK^ -» Lh-iZ^Lx^K^ -> - 1)/ . . . /Af 4 (fc - 1) -» 

-» M a (Z - l)/.../M s (k - 1) -» M S {1 -2) -v M a (Z - 2)/.../M s (k - 1) -> 0. 

Therefore we get the following morphisms: 

Af 5 (0)/ . . . /A/ 4 (fc - 1) -> M 5 (Z - 1)/ . . . /M s (fc - l)[i - 1] -> L fe _ i+1 ^L!^^_ 3 [Z]. 

This is the morphism M s (0)/ . . . /M s (k - l)[k - I] -» L^+yZ^L^Ki-^k - 1] in the distinguished 
triangle. Assume s < fc — Z + 2(fc — 1) — 3. Suppose 

H- s F(M s (l - 1)/ . . . /M 5 (fe - l)[fe- 1]) fl— +1 F(L fc _, +1 Z|e^ii^ifi-3[fc - 1]) 

is an isomorphism. Then the long exact sequence for the triangle above and F 1 gives a map: 

H- s FM 5 (0)/ . . . /M s (k - l)[k - Z] -> H-^FlLk-wZfflL^Ki-alk - 1]) 

which is an isomorphism. Then we also have 

H-'F^^Z^L^K^k - 1]) - M Q (fc - 1)/ . . . /M«(0). 

If the map is zero, then 

H-'Ffa^ZffiLxZjKtslk - 1]) = H-^FiL^xZ^Lx^K^k - 1]) = 0. 

Therefore in either case, 

H- s FLZy i L 1 Z}eiM a {l) * M a (fc - 1)/ . . . /M 4 (0) 
for s = jfc - Z + 1, A; - Z + 3, . . . , k - I + 2(k - 1) - 3. 

For s = 2(fc — 1) — I — 1, consider again the short exact sequence 

- Lk^Z^LxZjK^s -» Lk-tZffiL^K^ -> M 5 (Z - 1)/ . . . /M 5 (fc - 1) -> 0. 
It is easy to calculate 

ff -(2(fc-i)-*-i) FLfc _ w ^ LlZ 7^_ 3 * M « (fc - l)/ . . . /M Q (0) 

and 

ff -( 2(fe -i)-*-i) FLfe _ ;+iZ ^ iiZ 7^_ 2 s H-^-^FL^xZ^^Z}^ = 0. 

Thus 

H -(2(k-l)-l)p M SQ _ ± y j M S^ k _ y ^ H -(2(k-l)-l-l) p L k _ l+1 Z^LiZjKl- 8 

is an isomorphism. Therefore 

fl-(fe-'+2(fc-i)) FM 5 (0)/ . . . /M 5 (fc - l)[jfc - Z] fl-^-'^^-^-^FLfc-j+iZ^Li^Jifi-sIA - 1] 
is an isomorphism so 

H -(k-i+2(k-i)-i) FLZ s^ LiZ y aMa ^ = _ 

In order to compute H~ s ' F(Lk-i+iZ^e^LiZjKi-3[k — 1]) for s — 2(fc — 1), we use the short exact sequence 
from lemma 1181 

-» M s (l)/ . . . /M 5 (k - 1) - Lk-t+xZ^LxZjK^ -» M 5 (Z + 1)/ . . . /Af 5 (fe - 1) -» 0. 
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The first goal is to prove that this sequence is non-split. Let F = LZ^e^[—l}LZjeg[—(k — 1)]. Let the 
adjoint of F be G — LZ^e^[—l}LZje^[—(k — 1)]. Then the exact sequence becomes 

-> M S {1)/ .../M s (k - 1) H°GM a (l) -> M*(/ + l)/.../M*(jfc - 1) -> 0. 

In order to show that it is non-split, it suffices to show that Hom(M <5 (Z + 1)/ . . . /M s (k-l),H°GM a (l)) = 0. 
Consider the distinguished triangle 

H°GM a (l) ~> GM a (l) -► Af 5 (0)/ . . . /M s (k - l)[-l + 1]. 

It then suffices to prove 

Hom(M <5 (7 + 1)/ . . . /A/ 5 (fc - 1), GM a (l)) = Rom(FM s (l + 1)/ . . . /M s (k - 1), M a (0) = 0. 
For this consider the distinguished triangle 

T -°FM s (l + 1)/ ... /M s (k - 1) -> FM s (l + 1)/ ... /M s (k - 1) -> t- 1 FM S (I + 1)/ ... /M s (k - 1). 
We will show that this triangle splits. Note that Af Q (fc-1) / . . . /M Q (0) ^ e« +(5 M a+5 (fe - 1 0, fc - 1, . . . , 0). 
Denote it simply by M a+<5 . Assume Z — A; is even. The other case follows in the same way as below. Clearly 

T^ l FM s {l + 1)/ ■■■ /M s (k - 1) = M a+s [-k + 1 + 3}® M a+s [-k + I + 5] ® ■ ■ ■ © M a+s [-l]. 
Next consider t^°FM 5 (1 + 1)/ . . . /M s (k - 1). There is a distinguished triangle: 

r- _1 FM 5 (/ + 1)/ • • • /M*(& - 1) -* r^°FM s (l + !)/... /M s (k - 1) -* 
H°FM 5 (l + 1)/ ... /M 5 (k - 1) = M" (0/ • • • /M Q (0). 

By lemma 

t^FM^I + 1)/ ... /M s (k - 1) Af" +,5 [1] © Af Q+,5 [3] © ■ • ■ © Af Q+,5 [fc - Z - 3]. 
We easily compute 

Hom(Af Q (2)/ . . . /M Q (0), t^FM 6 ^ + 1)/ . . . /M 5 (fc - 1)[1]) = 0. 

Thus 

T <0pM s (l + 1)/ ... /M S {k - 1) £ Af Q+5 [l] © • • ■ © Af Q+5 [fc - J - 3] © Af Q (Z)/ . . . /Af"(0). 
Next we check that 

Hom(r- x FM*(/ + 1)/ . . . /A-f^fc - 1),t^W(1 + !)/•■■ /A/ 5 (fc - 1)[1]) = 0. 
This reduces to showing 

Rom(M a+s [-k + 1 + 3}® M a+5 [-k + I + 5] © • • ■ © M Q+4 [-l], M Q (i)/ ■ ■ • /Af Q (0)[l]) = 0. 

Then the above space of homomorphisms becomes by adjointness: 

Rom(M a+5 [-k + I + 3} © • • • © M Q+S [-1], LZ a+5 M a {l)/ ■ ■ • /M a (0)[-2k + 3]). 
It is easy to calculate 

LZ° +s M a (l)/ . . . I M a (0) M a+S [k - I - 1] © • • • ® M a+S [3k -1-3}. 
Therefore the space of homomorphisms is zero so 

FM s (l + 1)/ ... /M s (k - 1) = M a {l)/ . . . I AI a (0) © M a+s [-k + 1 + 3}® ■■■® M a+S [k -1-3}. 
It is now easy to sec that 

Hom(FM*(/ + 1)/ ■■■ /M s (k - 1), M a (l)) = 0. 

Therefore 

-» M\l)/ . . . /M 5 (k - 1) -» Lk^+tZ^^ZjK^s -» M 5 (Z + 1)/ . . . /A/ 5 (fc - 1) - 
is non-split. 

We want to show that when is applied to the above sequence, it remains non-split. Since F and G are 
biadjoint, the composition G — * GFG — > G is the identity. This gives that the adjunction morphism induces 
an isomorphism on cohomology: 

A/ 5 (Z + l)/.../M 5 (k - 1) -> H°GFM s (l + I)/ . ../M s (k- 1). 
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Therefore, by the five lemma, the adjunction morphism induces an isomorphism: 

L^i+iZ^L^Ki-a -» ^GFLk.i+xZ^LiZjK^s. 

This implies that 

-> H°FM s (l)/ . . . /M s (k - 1) -» H^Lk^Zf^L^K^s -» H°FM s (l + 1)/ ... /M s {k - 1) -> 

is non-split. This is the exact sequence 

AT (Z - 1)/ . . . / A/ Q (0) -► ^FLk-i+t^LiZ^Ki-a - M a {l)/ . . . /M a (Q) -► 0. 

If the extension is unique up to isomorphism, the middle term is isomorphic to M a (l). This would complete 
the lemma. 

Consider the truncated full subcategory where M a (l) is a projective object. Apply the functor Hom(M a (Z), •) 
to the short exact sequence 

-> M Q (Z - 1)/ . . . /M a (0) -> M a (l) -> M a (l)f . . . I M a (0) -> 

in the truncated subcategory to get the exact sequence 

-> Hom(A/ Q (7), M a (l - 1)/ . . . /M°(0)) -> Hom(M Q (/), M a (Z)) -» Hom(M a (Z), M a (l)/ . . . /M a (0)) -> 0. 

Thus Hom(M a (0,A// Q (/)/... /M a (0)) S C and Ext 1 (A/ Q (Z), M a (l - 1)/ . . . /M Q (0)) = 0. If we apply the 
functor Hom(», M a (l)/ . . . /M a (0)) to the short exact sequence 

— > M a {I — 1) / . . . /M a (0) -» M a (l) -> M a (l)/ . . . I M a (0) -> 0, 

we get the exact sequence 

-> End(Af" (/)/.. ./M a (Q)) -> Hom(M a (/), M a (Z)/ . ■ . /M a (0)) 

This implies 

End(M a (l)/ .../M a (0))=C. 
Now apply the functor Hom(», M a (l — 1)/ . . . /M Q (0)) to the short exact sequence 

— > M a {I — 1) / . . . / M a (0) -» A/ Q (7) -> M a (l)/ . . . I M a (0) -> 0. 

This gives a long exact sequence 

-> C -> Ext 1 (M a (Z)/.../M°(0),M o (Z - l)/.../Af"(0)) -> Ext 1 (A/ Q (/), M a (l - 1)/ . . . /A/ Q (0)) = 0. 

Therefore Ext 1 (M a (Z)/ . . . /A/ Q (0), A/ Q (Z - 1)/. . . /AT(0)) S C and we have shown that the extension is 
unique. 

□ 



For the rest of this subsection we make the following definition. 

Z$eP[-l]LZy s [-{k - l))LZy 7 [-l]LZ < 



Definition 13. Let S = LZ^e^[-l]LZ2e§[-(k - l)]LZle^[-l\LZle^[-(k - 1) 



The identity morphism in End(LZ£e^[— l]LZ2e^[— (k — 1)]) gives rise to a morphism S — ► Id. There is 



an adjunction morphism e^[—l]LZ2 — > Id[l] that gives rise to a morphism 



9:S^ LZ$e$[-(k - l)]LZ$^[-l]L2T p 4[-(k - 1)][1]. 
By proposition 1 101 this is a map 

0: S - ®^ieS +s [-(Ai - l)]^+ 5 [l][2r - fe]. 
Composing this map with projection gives a map: 

M2 : S -> ©^^[-(fc - l)]L^+ 5 [2r - (fc - 1)]. 

Proposition 11. TTie map ^i © ^ 2 : <S — > Id© [-(fc - l)]LZ"+^[2r - (fc - 1)] is an isomorphism. 

Proof. This morphism is an isomorphism for generalized Verma modules as in the proof of proposition 1101 
By considering a generalized Verma flag for a projective object, we see that fii © fi2 is an isomorphism 
for projectives as well. Since any bounded complex is quasi-isomorphic to a complex of projective objects, 
© fj.2 must be an isomorphism. □ 
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4.5. Diagram 5. Recall the definitions of the subalgebras Sj and U. We would like to understand the functor 
LZ Si € &i+1 [—l]LZ Si+1 e Si [—1]. In [BFK] this functor turned out to be the identity. When working on maximally 
singular categories, LZ 5i+1 e 5i [— 1] was an equivalence of categories. On these less singular blocks this will 
turn out not to be the case. It will be the identity plus some correction term which will depend on the 
two minimal parabolics involved. The plan is to compute this functor on generalized Verma modules and 
then to construct some natural transformations which are isomorphisms on the generalized Verma modules. 
These objects are parametrized by highest weights which satisfy the conditions of lying in the block and 
locally finite with respect to the appropriate subalgebra. Since in these computations only Sj,Sj+i, and U 
are involved, for convenience of notation we will omit all the coordinates of the highest weight except the 
components in positions i,i + l, and i + 2. 

Lemma 22. Let di > a i+i = a i+2 . Then 

LZ*'e a(+ J-l]LZ*'+ 1 e a J-l]M*'(oi : ai+i,Oi + 2) = M Si (a^+i,a i+2 ). 

Proof. There is a short exact sequence 

— > M(a i+ i,ai,a i+2 ) — > M(a t , a i+ i, a i+2 ) — > M Si ( ai,a i+ i , a i+2 ) -> 0. 

Thus L s Z Si+1 e Si M Si (ai, a i+ i, a i+2 ) = if s = 0,2 and is isomorphic to M Si+1 (a i+ i, en, a i+2 ) if s = 1. 

Now consider the short exact sequence 

-> M(a i+ i,a i+ 2,ai) -> M(a i+1 ,a. h a l+2 ) -> M Si+1 (a i+1 , 0^04+2) -> 0. 

This gives L s Z Si e Si+1 M Si+1 (fli+i, a», Oi+2) = if s = 0, 2 and is isomorphic to M Si (a^, a^+i, ^+2) if s = 1. 
The lemma now follows. □ 

Lemma 23. Let cn+ 2 = a, > a^+i. T/ien 

LZ''e, 4+ J-l]LZ«'+ 1 e,J-l]M*«(ai ; aj+i,o i+ 2) = M s< (a^Oj+i , a l+2 ). 

Proof. Consider the short exact sequence 

— > M(o i+ i,ai,a i+ 2) -> M(a i5 a i+ i, a, +2 ) -> M Si (a^Oj+i, a i+2 ) -> 0. 

Thus i s Z !3i + 1 e Si M !3i (ai, a,+i, a i+2 ) = if s = 0,2 and is isomorphic to M Si+1 (a i7 a i+2 , a i+ i) if s = 1. 

Now consider the short exact sequence 

-> M(ai,a i+ i,a i+2 ) -> M(a i5 a i+2 , a i+ i) -> M 5i+1 (a,, a i+2 , a i+1 ) -> 0. 

S v ' 

This gives L s Z Si e Si+1 M Si+1 (<Xj, ai +2 , Oj+i) = if s = 0, 2 and is isomorphic to M Si (ai, fflj+i, ai +2 ) if s = 1- 
The lemma now follows. □ 

These were the two easiest cases and the computations were made in [BFK]. Now we come to the three 
new cases. 

Lemma 24. Suppose cn +2 > a% > a i+ i. Then 

LZ s 'e, t+1 [-l]LZ s '+ 1 e, t [-l}M s '(a^a^,a i+2 ) M s ' {04, a i+ i, a i+2 ) ® e^M u { a i+2 , a,, a i+1 ). 

Proof. Consider the short exact sequence 

-> M(a l+1 ,ai,a l+2 ) -> M(aj, a i+ i, a i+2 ) -> M 5 ' ( a^a^+i , a t+2 ). 

The long exact sequence for LZ 5i+1 reduces to the short exact sequence 

-» M 5i+1 (a i+ i,a i+ 2,ai) -» M s ' +1 (a t , q i+2 q i+ i ) LiZ 6l+1 e Si M 5 *(a^ai+i, a i+2 ) -» 0. 
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Thus if s = 1 



L s Z Si + l e Si M Si {a u a i+1 , a i+2 ) = M s - +1 {a u a l+2 , a i+1 )/M^ +1 {a i+1 ,a i+2 ,ai) 



and is otherwise. 
Now consider 



-> M(a i +i,a i ,a i+2 ) -> M(o i+ i, <x i+2 , a,) -> M Si+1 (a i+ i, a^+^Oj) -> 0. 

This gives a long exact sequence for LZ Si e Si+1 reducing to 

-> M 5i (ai,ai + i,a J+2 ) -> M s * (a J+2 , a i+ i, a,) iiZ Si e Si+1 M* s+1 (o i+1 , a i+2 , a*) -> 0. 



Thus if s = 1, 



L s Z s< e 84+1 M s<+1 (a i+ i, a i+2 , a;) = M 5 - (a i+2 , a i+ i, ai)/M Si (cn, a i+1 , a i+2 ) 



and it is zero otherwise. 
Now consider 

-> M(oi,ai + i,a i+ 2) -> M (a*, a i+2 , a i+ i) -*■ M s * +1 (a i; a i+2 , a i+ i, ) -> 0. 

S v ' 

This gives a long exact sequence for LZ Si e Si+1 reducing to 

-> M 6i (oj+2^,a J+1 ) -> L 1 Z s *e 5i+1 M s *+ 1 (a^a^a^+i) -> M 5 * (a^a^, a J+2 ) -> 0. 

Thus the long exact sequence for 

-» M*^ 1 (ai+i.Oi+^aj) -» M« i + 1 (a i , a i+2 ,ai + i ) -» Li^'+^M* (a^Oj+i, a l+2 ) -» 

becomes 

M" 5 ' ( ai+^fflj+i , ai)/M Si (oj, a i+ i, a t+2 ) ^ LiZ 5l e Sa+1 M 5 ' +1 (a t , 0^+2^+1 ) -» iiZ Si e Si+1 LiZ Si+1 e Si M Si (a^o^, a J+2 ). 
Thus we get the following diagram: 



M a i (a i: a i+ i, a i + 2 ) 



M s i (a i + 2 , aj , a i+1 ) 



M s »(a i + 2 ,a i+1 ,a,)/M 3 .(a,,a 1+1 ,a 1 + 2 ) ( - J ? L x Z s i £s t + 1 M s '+ 1 (o, , a I + 2 , o, + x ) ^ Z 3 i e» i+1 L x Z s •+ 1 e aj M s » (a, , o i+ i , a l + 2 ) 



M s i(ai, a i+1 , a i + 2 ) 



Assume that I o j ^ 0. Then the following composition of maps is non-zero: 

M Si { a i+2 ,a i+1 ,ai) -> M 5 '( a i+2 ^ + i , ai)/M Si ( a u a i+ i , a i+2 ) M 5< ( q^Oj+i , a t+2 ) -> M 5 ' ( a i+2 ^q i+ i , a a ). 

A non-zero endomorphism of a generalized Verma module must be an isomorphism so the first map above 
must be injective as well. This is impossible so I o j = 0. Thus 

M^{a l+2 , ai+i, a,i)/M Si (at, a l+ i,a l+2 ) ^ M Ss (a J+2 , a*, a i+ i). 
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We claim that there is a well defined map from L\Z Si e Si+1 L\Z Si+1 e Si M Si (a,, a i+1 , a i+2 ) to M Si (a i; Oj+i, a i+2 ). 

Via fc, pull an element back and then apply I. Suppose k(x) — k(y). Then k(x — y) = so x — y — j(z) 
for some z G M Si (a>i +2 , ii)/M Si ( a i: a i+i, 0-1+2)- Then l(x — y) = lj(z). This is zero by the observation 

above. Thus the map is well defined and call it <p. It is easy to see that ki is a surjection of Af 5i {a i+2l a i, a i+i) 

onto kci(j). The kernel of this surjection is obviously M Si (a i+2 , Oj+i, a i )/M Si (a i7 a i+1 , a i+2 ). Thus the kernel 

of is 

M 5s (a^Oi, a i+ i)/(M s * (aj+^ai+i, a;)/M s< (a^Oj+i, a i+2 )). 
Since this module is isomorphic to e^M 4 * (ai+2, fli, fli+i), there is a short exact sequence 

V v ' 

el\M u { a i+ 2,ai,ai+i ) LiZ^e^+^iZ^+^^M'^a^ai+i, a i+2 ) -» M s > (a^Oj+i, a i+2 ) -» 0. 

Finally we must show that this exact sequence splits. 
Hom(M 5i (o^Oj+i , a l+2 ), egM^ a^.o^a.+i );!]) ^ HomfXZ^M 5 1 (a^Oj+i, a l+2 ), M ti ( a i+2 , Oj, Oj+i )[l]) 

= Hom(M t * {a l+2 , a, , a i+ 1 ) [2] , M u {a l+2 , a, , a i+1 ) [1] ) . 

S v ' S v ' 

This last space is zero so the sequence must split. □ 
Lemma 25. Suppose a>i > a^ +2 > aj+i. TTien 

LZ' t e, i+1 [-l]LZ'^ 1 e, i [-l]M' t (ai 1 ai^i, a l+2 ) S M s * (0^0^+1 , a i+2 ) eg M ** ( a, , a i+2 , Oj+i ) [- 1] . 

Proof. Consider the short exact sequence 

-> M(a i+ i,aj,a i+2 ) -> M(a i5 a i+ i, a i+2 ) -> M^(a^a^a i+2 ) -> 0. 

The long exact sequence for LZ Si+1 reduces to the short exact sequence 

-> M 8i + 1 (a i , a i+2 , aj+i ) -» Li^'+^M" (o^Oj+i, a 4+2 ) -» M*^ 1 (a i+1 , a^+a) -f 0. 

We compute LZ Si e Si+1 on the first and third terms of this short exact sequence. 
Consider 

-> M(oi+i,ai+2,ai) -> M(a i+ i, <n, a i+2 ) -> M* i+1 (^+1, 0^+2 ) -> 0. 

The long exact sequence gives 

L s Z^e 6i+1 M s '+ 1 (a l+ i,a^Oi+ 2 ) = M s - (0^ Oj+i, a t+2 )/M 5 ' ( q i+2 ^a i+ i , Oj) 

if s = 1 and is zero otherwise. 
Next consider 

-> M(a;, a i+ i,a i+2 ) -> M(a i; a i+2 , a i+ i) -> M 5 * +1 (a;, a J+2 , a i+ i) -> 0. 

S v ' 

The long exact sequence for LZ Si becomes 

-> £iZ 5 'e Si+1 M 5,+1 (a i , a i+2 ^a i+ i ) -> M s * ( a^Oj+i , a t+2 ) -> M Sl (a t ,aj +2 , a i+1 ) -> L Z Sl e Si+1 M s,+1 (a^, a i+2 ^ai + i ) 

The middle map is clearly the standard map. Therefore 

L Z Si e s M Si + 1 (a i ,a i+ 2,a i+1 ) = el' i M ii (a l ,a i+2 ,a l+1 ) 

v ' V v ' 

and 

L\Z Si e s M* i+1 (di, a i+ 2,a i+1 ) = M Si (a i+2 , a i+ i, a;). 

. ' „ ' 

Now the long exact sequence for the functor LZ Si and 

-> M^+^aj. ^+^aj+i ) -» LiZ a<+1 e ai M Bi (a^ai+i,ai + 2) M Sl+1 (a 4+ i, 0^+2) 0. 
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IS 

^>M Si { a i+2 a i+1 , aj) -> LiZ a< e aj+1 LiZ ai + 1 M Si (a^ai+i,a i+2 ) -» 

M i, (a^,s 1+2 )/M s, (a^A+i,fl,) e^M 1 ' ( a i; a i+2 , Oj+i ) ->■ Lo^e^LiZ^M** (q^qj+i, a i+2 ) -> 0. 

Suppose that 

5 » /\/ft»C 



Hom(M 5i (ai, a i+ i, a J+2 )/M s * (a J+2 , a i+ i, aj), ef'AT^ai, a l+2 , a i+1 )) ^ 



Then 



^ Hom(M 5s (oi^+i , q j+2 ), ef'M** ( a i; a i+2 , Oj+i )) 
= Hom(LZ*'M Si ( aj, a i+ i , a i+2 ), M 1 ' ( a, , a i+2 , flj+i ) ) 
Hom(M ti (a i , a i+2 , a i+1 )[l], M u (ai, a i+2 , a i+1 )) 

v ' S v ' 

= 0. 

Thus LoZ Si e Si+1 LiZ Si+1 M Si (ai, q^+i, a i+2 ) = ef'M** (a,, a i+2 , qj+i) and there is the short exact sequence 
-> M Si ( a i+ 2, ai+i , aj) -> £iZ 5i £ 5i+1 £iZ s,+1 M 5i ( of, Oj+i , a t+2 ) -> M 5, (a^a i+ i, a i+2 )/M s ' ( a i+2 ^a i+ i , a^) -> 0. 

Next we show that 

Hom(LiZ 5 'e Si+1 £iZ s '+ 1 e Si M 5 '(a i , a i+ i, q» +2 ), M Si ( a i+2 ,a i+ i , aj)) = 

so that the sequence does not split. The distinguished triangle 
H°LZ Si e Si+1 [-l]LZ s ^e s A-l]M Si (0^+1,^+2) -> r^°LZ*'e, (+1 [-l]LZ*'+ 1 e 8i [-l]M«'(oi : Oj+i,a <+ 2) -> 

r^LZ"^ [-l]LZ"+ 1 e. J [-l]M 5 *(a^+i, a J+2 ) 
is isomorphic to 

L 1 Z**e Si+1 L 1 Z s >+ 1 e St M s * ((^0^,^+2) -» LZ"e, 4+1 [-l]LZ"+ 1 e a< [-l]M"(ai : Oi^,ai + 2) -» 4;tf' , ( tt„a 1+ 2,a,+i )[ 
Now apply the functor Hom(», M Si (a,i + 2, a i+ i, qj)) to get a long exact sequence 

S v ' 

>Hom(£Z 5 -e 5i+1 [-l]LZ s '+ 1 e Si [-l]M s -(fl t ,q t+ i, a i+2 ), M s - ( a t+2 , a t+1; a,)) -» 

Hom(L 1 Z s 'e Si+1J LiZ s '+ 1 e Si M 5 '(q i , q i+ i, q i+2 ), M Si ( a i+2 ,a i+1; aj)) -> 0. 

We calculate 

Rom(LZ Si e Si+1 [-l]LZ Si + l e Si [-l}M Si (ai,a i+1 ,a i+2 ),M Si {a i+2 , a i+1 , a,)) S 
Hom(M s * (o^Oj+i, a l+2 ), LZ s -£ 5 , +1 [-1]!^+^ [-l]M s '( q i+2 , q i+ i , a,)) = 
Hom(M 5 ' (a i; q i+ i, a t+2 ), M s ' ( q i+2 q i+ i , q») © eg M f< ( oj, q i+2 , q i+ i )) ^ 
Hom(M Si (a^aj+i, a l+2 ), e t s ; M '* ( a i; q i+2 , Oj+i )) = 
Hom(LZ**M Sl (q^qj+i, q i+2 ), M* 4 ( a z , a t+2 , a i+ i )) = 
Hom(M t '(a l ,a l+2 ,a 4+ i)[l],M tt (a l ,a J+2 ,a i+ i)) 0. 

V v ' V v ' 

The second isomorphism is due to the previous lemma. Therefore the sequence cannot split. 
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It remains to be shown that the extension is unique up to isomorphism. Consider the full subcategory of 
objects which have composition factors factors with weights less than or equal to (04, 04+1, 0,-1+2)- In this full 

subcategory the generalized Verma module M Si {ai 1 fflj+i, a i+2 ) is projective. Thus for any exact sequence 

-> M s * ( a l+2 ,a l+lj , fli) -*■ X -> M s * (a^Oj+i, a i+2 )/M s * ( 0^+2^+1 , «i) -> 

there is a nontrivial map 5: M 5i (ai, Oj+i, a i+2 ) — ► X. Note that all of the objects in the above sequence are 
in this subcategory. Now we can set up the following diagram. 

7 f 

» M s i (a i + 2 . a i) > M s '(o jl ii 1+1 ,o j+ 2) > M s i (a;, a i+ i, a i + 2 )/M s i (a; + 2> . «i) ► 



► M'i (a i+ 2, a i+ i, a;) » X - ► M s i (a 4 , a i+ 1 , a i+ 2 )/M ' » (a i + 2 , a i + 1 , a; ) ► 

The square on the right commutes by construction. Take an element in the top left. Applying the map 
hgj must give zero. Therefore \m(gj) C ker(/i) = M 5i (ai +2 , a«+i, a«). But then i must be the same as 

V v ' 

up to a scalar since scalar multiplication are the only endomorphisms of M 5i (a i+2 , a i+ i, 04). If the scalar is 

S v ' 

zero then there is a map from M Si (a,i, 04+1, ai+ 2 )/M 5i (a i+2 , Oj+i, a») to X giving a splitting, contrary to the 

above where it was shown that the extension must be non-split. Thus the scalar must be non-zero and so 
the middle map is an isomorphism by the five lemma. 

Therefore, 

LiZ 6l e Si+1 LiZ 6l +W 5l (a^a^,a J+2 ) = M s > (a^Oj+i, a i+2 ). 

□ 

Lemma 26. Suppose ai > a, + i > a i+2 . T/ien 

LZ"e ai+1 [-l]LZ"+ 1 e ai [-l]M"(ai : Oi^ ) a J+2 ) S Affa^Oj+i, a t+2 ) ® e^M** ^ a m , a t+2 )[-2]. 

Proof. Let X = £,2"+^ [-1]M 5 - (0^4+1, a t+2 ). 

Consider the short exact sequence 

-> M(o i+ i,fli,a i+ 2) -» M(aj,a; + i,a; + 2) -» M 5i ( a^a^+i , a i+2 ) -> 0. 

This induces a long exact sequence for LZ Si+1 

L 1 Z^+ 1 e St M^(a^+i,a i+2 ) ^ AP l+1 (a i+1 , 0^04+2) -> M Si+1 (04, 04+1 04+2 ) -» L Q Z** +1 e Sz M^ (o^Oj+i, a i+2 ). 

The middle map is clearly the standard map so 

Li^+^M** (0^04+1, a J+2 ) = Af 5 ^ 1 (04+2,0^04+1) 

and 

L Z Si+1 e Si M s ' (oj , Qj+i, a i+2 ) = e^M 1 ' ^, o i+ i, 04+2 ). 

Thus 

^M 8 ^ 1 (04+2,04^04+1) 
^(X) ^ef'M 4 * (04, 04+1,04+2) 

V v ' 

iP(X) S0,V*^0,1. 

Therefore we get the distinguished triangle 

H°(X)[0]^t^°X ^t^X 
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which is 

(1) M 5 *+! (04+2,0^+1) -» X -> e^M^ Qoi.Oi+^Oi+g )!-!]. 

Next we compute L s Z Si e Si+1 M Si+1 (ai+ 2 , ca, Consider the short exact sequence 

-> M(aj +2 ,a i+ i,aj) -> M(a i+2 , a f , a i+ i) -> M 5l+1 (a i+2 , -> 0. 

This gives a long exact sequence for LZ Si : 

-> M s< ( a i+ i^a j+ 2 , aj) -y M 5 '(a^+2, a i+ i) -> LiZ^t Si+l M^ +1 (a i+2 , a^a»+i) -> 0. 

Thus if s = 1 

£ s Z s %,+iM" 5i+1 ( a J+2,a^am> . . .(!„) ^ M 5 *(a^o^+2, a i+ i)/M Sl (0^+1^+2) 

and it is zero otherwise. 

Next to compute L s Z Si e s el' +1 M u (ai, 04+1,04+2) ■ 

v ' 

LZ^e Si+1 eH +1 M u ( ai , a i+ i, a i+2 ) = LZ"e, t (%M u {a u a l+1 ,a. l+2 ) 



e\lM u (a,i, a i+ i, a i+2 ) © t\\M u (a u a l+1 , a i+2 )[2]. 
' s ' 



The last isomorphism follows from a previous section. 

Consider (1) again. It gives rise to a distinguished triangle 

LZ\ Si+1 [-l]M s '+ 1 ( fll+2l a^+i) -» LZ^e St+1 [-l]X -» LZ s 'e 5i+1 [-ljegM** ^ a m , Oj+2 )[-!]■ 

This gives rise to a long exact sequence 

^H s (LZ s 'e Si+ A-l]M^(a i+ 2,auai+i)) -> ff s (LZ s >e Si+1 [-1]X) - 

8 e Si+1 [- l]ef« M l * (a, , a i+1 , a J+2 ) [-1] ) - 
v . ' 

This becomes 

-^M^(a t , 04+2, a i+1 )/M' i ( a i+1 a i+ 2 , eg) -» H a (LZ s ^e, i+1 [-1]X) -» egM* 1 ( en, a^+i, ai+2 ) -» -► 
^(LZ'^^+J-llX) -► LiZ Si e Si+1 ef; M^a*, a i+ i, a i+2 ) -» -» 

V v ' 

tf 2 (I,Z Si e Si+1 [-l]X) -> e-'M^Coi.Oi+i.Oi+a) -> 0. 

S v ' 

Thus 

H 2 (LZ^e St+1 [-l]X) = ^M^iauai+uai+i) 

v ' 

and 

ff 1 LZ"e, 4+1 [-l]X£*0. 
We must prove ff°(LZ s, e Si+1 [-l]X) = M Si (a,, Oj+i, ai+2). This reduces to showing that 

-► M 8< (oj, Oj+2, o i+ i)/M 8i ( o i+ i o i+ 2 , Qj) -» H°(LZ Bi e Si+1 [-1]X) -» eg Af** ( 0^+^+2 ) -» 

is the unique non-trivial extension up to isomorphism. 
The distinguished triangle 

r^ 1 (L^e Si+1 [-l]L^+ 1 e Si [-l]M Si (ai,ai+i,ai+2)) 
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is isomorphic to 

H°(LZ'*e a ^ 1 [-l]LZ'*+ 1 e at [-l]M''{ai : a^a i+ 2)) - LZ'*e at+1 [-l]LZ'*^e ai [-l]M'* (a^+i,o j+2 ) -> 

e t s ;M t *(a i ,a l+ i,a 4+2 )[-2]. 
„ ' 

Apply the functor Hom^e^M** (a,, Oj+i, Oj+2), •) to get a long exact sequence 

. ' 

-> Hom(e t s ; M^ o,, a i+1 , 0^+2 ), H°LZ s 'e Sz+1 \-l]LZ s ^e Si [-1}M S > (a,, a<+1 , a I+2 )) 
Hom(e t s ;M t '( a t , a i+ i, cn+2 ), ^ s 'f s , +1 [-^L^'+^^J-ljM 8 '^ o m , a t+2 )) 

We calculate 

Hom(6g; M fi ( oi, o i+ i, Oj+a ), LZ J< e ai+1 [-l^Z^e^ [-1]M S - (a,, o t+1 , a l+2 )) = 

Uom(M u ( a^a^a^ ), LZ% [-4}LZ Si e Si+1 [-l]LZ s ^e Si [-1]M S - (a^+i, a i+2 )) = 

Hom(M' i (a i , a i+ i, a i+2 ), M**(a 4 , a i+1 , a i+2 )[-6] © (M**(a 4 , a i+1 , a J+2 )[-4])® 2 © M u (a 4 , a 4+1 , a i+2 )[-2]) 

= 0. 

The second to last isomorphism comes from using proposition 8 twice. This shows that the extension is 
non-trivial. Now we show that it is unique. 

Consider the short exact sequence 

-> M Si { ai +1 , a i+ 2j a%) M 5 '(q^,a t+2 , a i+1 ) -> M Si (a,j, q i+ 2, a i+ i)/M Si ( a i+1 ^a i+ 2 , a») -> 0. 

Applying LZ** to get a long exact sequence we easily see that 

L S Z\\ (M Ss (0^0^+2, a m )/M s * ( a i+ i a i+ 2 , a*)) = M l * ( 0^+1,^+2 ) 

if s = 1, 3 and otherwise. 
Now, 

Ext^ef'M 1 * ( oj, 0^+1,0^+2 ),M Si (o^Oj+2, a i+ i)/M s< (0^+1^+3, a 4 )) = 
Hom(e£ M ts (oj , Oj+i , fti+2 ) , M Si (a, , a i+2 , a i+ i )/M 5i (a i+ i , a i+2 , a») [1]) = 



Hom(ikP* (a, , a i+ i , a i+2 ) [0] , M l - (a, , a i+1 , a i+2 ) [0] © M * (a, , a i+1 , a i+2 ) [-2] ) S C. 



□ 



We would like to construct a natural transformation from LZ 5i e 5i+1 [— l]LZ Si+1 e Si [— 1] to Id ©ef* [— 2]LZ**. 

The identity map gives the adjunction map a under the isomorphism Hom(LZ 5i+1 e 5i , LZ* i+1 e Si ) = 
Hom(LZ s «e Si+1 [-l}LZ 5i + l e Si [-1], Id). 

The identity map in Hom(e Sj ,e 5i ) gives an adjunction map in Kom(LZ Si e Si , Id). Apply .LZ* 4 to get a map 

in 

Hom(LZ<* LZ*> e St , LZ*j ) £ Uom(LZ u e St ,LZ%) 

= B.om{LZ^. +i LZ Si +^e Si , LZ%) 
= Hom(LZ Si + 1 e Si ,e t 3 ; +1 J LZ>.). 

Now apply the functor e Si+1 to get an element of 

Hom(e 6i+1 LZ*+* e Bi , e, 4+1 e£ +1 LZjj ) = Hom(e 6i+1 LZ'^ 1 e Si , e ti LZjj ) 

-Hom(e Si+1 LZ^+ 1 e 6i ,e Si ef;i^) 
S< Hom(LZ Si e Si+1 LZ'^ 1 e Sl , e*; LZjj ) . 
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Now apply the shift functor [—2] to get a morphism (i in 

Hom(L2 s -6 5 , +1 [-l]LZ*^e Si [-1], % [-2]L2%). 

Therefore a 0/3: LZ s 'e Si+1 [-l]LZ s '+^e Si [-1] -► Id 8<* [-2]LZ%. 
Now we come to the main result of the section. 
Proposition 12. TVie map 

a®p: LZ Si e Si+1 [-l]LZ Si + l e Si [-l] -► Id©eJ,«[-2]LZ£ 

is on isomorphism. 

Proof. Lemmas 23-27 show that the cohomology functors of these morphisms are isomorphisms when applied 
to generalized Verma modules. Thus the morphisms are isomorphisms when applied to projective modules by 
induction on the length of the generalized Verma flag. Finally, they are isomorphisms on arbitrary modules 
by considering projective resolutions. □ 

The above theorem is the Koszul dual to lemma 4 of [BFK]. The correction term there vanishes when 
restricted to the appropriate parabolic subcategory just as in the case here where the correction terms 
vanishes when restricted to the appropriate singular block. This result is not a surprise in light of [Rh] or 
[MOS] where it was shown that projective functors and Zuckerman functors are Koszul dual. We end this 
section with an immediate corollary which is the functorial version of diagram 5. 

Corollary 10. e Si [-l]LZ Si e Si+1 [-l]LZ Si +^e Si [-l]LZ s > ©e^J-l]^ 1 

e Si+1 [-l]LZ s ^e Bi [-l]LZ Si e Si+1 [~l]LZ*^ © e Bi [-1}LZ S \ 

5. Graded Category O 

In the previous sections, various aspects of the representation theory of sik were categorified. Topological 
invariants arise from the representation theory of U q (slk). The categorification of quantum groups is accom- 
plished through graded representation theory. We will treat category O as a category of graded modules. 
Then a shift in this grading descends to multiplication by q in the Grothendieck group. The idea of graded 
category O originates from [Soe2]. It was continued in [Strl] where among other things, it was shown how 
to construct graded lifts of translation functors. 

Definition 14. Let Pd = ©xeSn/Sd-^C^-^d) where d = (d^-i, ■ ■ ■ ,d a ), a; is a minimal coset representative, 
and u d = (fc — 1, . . . ,fc — 1, . . . , 0, . „ ,0 ). 

dk-i d 

Then Pd is a minimal projective generator of Od(Ql n ). There is an equivalence of categories £>d(g[ n ) — 
mod — Ad where = End g (Pd) and mod — ^4d is the category of finitely generated right A& — modules. 
We will interpret Ad as a graded algebra. 

Lemma 27. Let R and S be any rings. There is an equivalence of categories: 

{right exact functors compatible with direct sums : (mod-R mod-S)} — ► R-mod-S. 

Under this equivalence a functor F gets mapped to F(R). In the other direction, a bimodule X gets mapped 
to • ®R X. 

Proof. This is in [Bass] as well as lemma 3.4 of [Strl]. □ 

Let a and [3 be parabolic subalgebras of gl n such that [3 C a. Let P(x) e Od(flt n ) be an indecomposable 
projective object. Then Z a P{x) is either or an indecomposable projective object in Og(g[ n ). 

Denote by P^ a minimal projective generator of 0^(Ql n ). Let A^ = End(P d 1 ) be its endomorphism 
algebra. Then there is an equivalence of categories C^(s[„) = mod — A%. Let S = S(t)) be the symmetric 
algebra associated to the Cartan subalgebra. Let C = S/ be the associated coinvariant algebra. Let C A be 
the subalgebra invariant under W\ . Let Wq be the longest element in the set of shortest coset representatives 
of W/W\. There is the is a well known isomorphism due to Soergel [Soe] between the endomorphism algebra 
of the indecomposable projective-injective module and this subalgebra of invariants: End(P(u>Q .A)) = C x . 
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Definition 15. Let V A : O x -> mod - C A be the Soergel functor denned byM^ Hom g (P(w^.A), M). 

Soergel showed that the functor V\ is fully faithful on projective objects [Soe]. Let I and J be compositions 
of n. If / = ii + ■ ■ ■ + i r = n, associate to I the Young subgroup of S n , x • • ■ x Si r . Let [ii and [ij be 
integral dominant weights stabalized by the subgroups associated to I and J. Suppose J C I, (there is a 
containment of the associated subgroups.) Then we can define the translation functor 9j from Ml (flt„) 
to C AI7 (g[ n ). It is the projective functor given be tensoring with the finite dimensional, irreducible module 
with highest weight jij — fij and then projecting onto the block O flJ (gl n ). Translation functors and Soergel 
functors are related by the following lemma. 

Lemma 28. Let Resj: mod — C J — > mod — C 1 denote the restriction functor. Then 

(1) Yj6j = C J ® c , V/. 

(2) V/0$ £* Res^Yj. 

Proof. This is proposition 3.3 of [FKS]. □ 

This lemma together with the fact that Va is a faithful functor on projective objects allows us to consider 
the endomorphism ring of a minimal projective generator of O as a graded ring [Strl]. A projective object 
is a direct summand of a sequence of projective functors applied to a dominant Verma module. Thus by the 
previous lemma, a projective object P, V\P becomes a graded C x — module. Then End(VA-P) becomes a 
graded ring so there is a grading on /Lj. 

In [Str] it was actually shown that it is a graded quotient of A^. Now we can consider Od(fl[„) and 0^(gl n ) 
as graded categories by considering gmod — A^ and gmod — A% respectively. 

By lemma l27l the dual Zuckerman functor becomes 

: mod - A% -> mod - A^ 

given by 

• <2> A fi A%. 

Definition 16. The graded functor Z 2 : gmod — — > gmod — A^ is given by • ® a p Aj(— (dim(a) — 
dim(/3))/2). 

We may now also consider 

LZj : D b (gmod - A%) — » P fc (gmod - A%). 

We fix a graded lift of a generalized Verma module MP (x.X) so that its head is concentrated in degree zero. 
The proof of proposition 5.2 of [FKS] gives a graded inclusion M(x.X)(l(x)) — > M(A) of Verma modules. 
This implies that the standard maps in a generalized BGG resolution are homogeneous of degree 1. A Koszul 
module is an object that admits a projective resolution such that the object in degree i is generated by its 
degree i subspace. We will need the following result later. 

Proposition 13. Generalized Verma modules are Koszul. 

Proof. This is theorem 3.11.4 of [BGS]. □ 
Proposition 14. Let f3 C a be two parabolic subalgebras. Assume dim(a) — dim(/3) = 2d. Then 

(1) The right adjoint of £q is LZ^[—2d](—d). 

(2) The right adjoint of LZ^ is €a(d). 

Proof. (1) In the ungraded case the right adjoint of is LZg[—2d]. Therefore if the right adjoint of 

exists, it must be a graded lift of LZ^[—2d]. Note that e^M becomes a right A 13 — module via the 
quotient map A 13 -> A a . Therefore 

Hom grood _ A fs (e%M,N) = Hom gmod _A« (M, Hom gmod _ A/3 (A", iV)). 
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Now Hom grno d- A? (A a , •) is clearly a functor from gmod — A 13 to gmod — A a . The right adjoint is 
a direct sum of graded functors ffiiPj which in the ungraded category is simply L^dZ^. Let v(- T ) 
denote a dual Verma module. We have an isomorphism: 

~ a ft a p 

Hom gmod _ 4 y3(^v (x),V (i))=Hom gmod _A°(V (x),(B l F l \/ (x)). 

If FiS7^(x) ^ 0, then Fi^(x) = L 2 dZpS7^ \ x ){h)- By the definition of and the fact that 

generalized Verma modules are Koszul, we get that the above is isomorphic to V (x){d + h}- Since 
the space of morphisms is one dimensional, fc, = —d. 
(2) There is a degree zero homogenous map of A 13 — modules ip : M — ► M ®^ A a where ip{m) = m ® 1. 
Now suppose </>: M Cg)^ A Q — > A*" is a degree zero homogeneous A 13 — module morphism. Then 
<f) o if) : M — > A~ is a degree zero homogeneous A' 3 — module morphism. Therefore we have a map 
/: Hom gmoc i-A= <X>a' j A Q ,-/V) Hom gmod _^/3 (M, JV). It is clear that f is injective. We must 
verify that it is an isomorphism. Consider a two step free resolution of M, M% — > Mi — ► M — > 0. 
Then we get the following commutative diagram with exact rows: 

Hom gmod _ AQ (M 2 ® A/3 A°>,N) <s Hom gmod _ AQ (M 1 ® A0 A a , N) ^ Hom gmod _ A c (M ® A/3 A°,JV) ^ 



Hom gI „od-A<3( M 2,iV) -« Hom gmod _ A ^(M 1 ,JV) ^ Hom gmod _ A „(A/,iV) ^ 

Therefore it suffices to show that / is surjective for free modules M. It is clear for free modules 
that both spaces of morphisms have the same dimension so it must be a surjection. 

□ 

5.1. Graded Projective Functors and Quantum Serre Relations. Define the k-tuple d + toeo + ■ — h 
tk-itk-i to be (dk-i + ifc-ii • • • j do +io) where the U are integers. Assume t > 0. Define (d; d + — tei-i) 
to be the (k+l)-tuple (dk-i, ■ ■ ■ ,di,t, di-i — t, di-2, . . . ,d ). Define (d; d — tci + ie{_i) to be the (k+l)-tuple 
(dk—i, ■ ■ ■ ,di — t,t, di-i, di-2, ■ ■ ■ , do). 

Lemma 29. 8^ : d — > Od+tej-tei_i is isomorphic to #d^+t7 i -t7 i 1 _i^d' d+ * £ ~* e, ~ 1 ■ 

Proof. See proposition 3.2b of [FKS]. □ 
Lemma 30. T\ . Od — > Od-te,+( £i _i is isomorphic to O^^^^f*^ 1 B^ - *^* 6 * -1 • 

Proof. Same as the previous lemma. □ 

Now we are prepared to introduce the graded lifts , J-f \ H, and H~ l . By lemma |27| 8^ : mod — Ad — > 
mod - A d+tei _tei_i is given by 



• QSWod-vl, 

By lemma |2T)1 this is 



Hom fl (P d +t e< -t« i _ 1 ,fi W i , d). 



• ®mod-A d Homg(P d+te4 _ tei _ 1 ,6' d;d+ , te ._; e( _ i 6' d ' P d ). 
Then by lemma [25] this is isomorphic to 

• ® gm od-A d Hom c d +l[rtej _ 1 (yd+tu-tu-iPd+t^-tu-^^itd+^^-x^^'^ 1 ®c* V d Pd). 
Definition 17. (1) Let r^t = l ~ r - Then we let Efp = 

e rnod-A d ^Om cd+ u i -u i _ 1 (V d+t6i - tei _ 1 P d+tei - tei _ 1 ,^ 

(2) Let s ht = X)* =1 ^ - s. Then we let = 

•® gm od-A d Hom c d- tei+ te 4 _ 1 (V d _te < +^^ 

(3) W = M(di-di_i). 

(4) H -1 = Id(-(rfi - di-i)). 

Lemma 31. S £f } (1) © ff 5 (-1). 
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Proof. First we consider the ungraded case and compute in the Grothendieck group. 

[£i\[£i] [M(k - 1, . . . , k - 1, . . . , i + 1, . . . , i + 1, i, . . . , i, i - 1, . . . , i - 1, . . . , 0, . . . , 0)] = 
2[P(k - 1, . . . ,k - 1, . . . ,i, . . . - 1, . . . ,i - . . ,0, . . . ,0)]. 

S v ' 

di-i 

The indecomposable projective functor that takes the dominant Verma module to this projective object is 

(2) (2) (2) 

£\ . Thus there is an isomorphism of functors EiEi = £\ ®£\ .So there must be an isomorphism of graded 
functors = £^ (r) © £^(s), for some integers r and s. 

£\ is given by tensoring with the graded bimodulc 

Hom c d + , r ,M (V d+2£l _ 2ei _ 1 P d+2ei _ 2£s _ 1 , C d ' d+2ei - 2ei - 1 ® cd V d P d (-2di_ 1 + 4}). 

AS a C , d+2 ei -2e,_ 1 _ modmC; C d;d+2 ei ~2e,_ 1 j g free Q f rank | jyd+2 ei -2 U -i j W *A+^-2u-l | _ A basis can bc 

chosen homogeneous in the degrees twice the length of minimal coset representatives of 

yj / d+2e,-2e i _ 1 ^/^ / d;d+2e,-2e i _ 1 _ 

Sdk-t x • • • x S di+1 x S dt+2 x SV1-2 x • • • x SdJSd^ x • • • x S di x S 2 x SV1-2 x • • • x S do . 

So now we want to consider minimal coset representatives in S'd i + 2 /(5'd i x S* 2 ). Proposition A-2 in [Str] 
tells us the the length of these coset representatives. It gives 

C d ' d+2e '- 2e «- 1 £* © dl+ i> r>s >oC d+2e '- 2e - 1 (2r + 2s - 2). 
Now is given by tensoring with the bimodule 

Hom c d + « i - ei _ 1 (V d+ej _ ej _ 1 P d+£i _ ej _ 11 C d;d+ei - £i - 1 ® cd V d P d (-d i _ 1 + l))®^.,-.,.! 
Hom c , d+2ei - 2ei _ 1 (V d+2ei _ 2ei _ 1 P d+2£l _ 2ei _ 1 ,C d + £i - £i - i;d+2e '- 2e '- 1 ® C d+. i -. < _ 1 VP d+ei _ ei _ 1 (-rf i _ 1 +2)). 

Thus we need to compute C' d+€, - €, - i ; d+2ei - 2e< - 1 0c<J+e ._ e ._ i c d : d + £ '- £ <-i as a c^e^i-i _ modulc 
As above, C d , d+e '- e '~ 1 is a free C d ^~^- module of rank |VK d +^-^-i/VK d ' d+e '- £ - 1 1 and a basis can 
be chosen homogeneous in degrees twice the length of minimal coset representatives. There is a similar 
description for c , d+ ei - ei _ i; d+2 ei -2 e ,_ 1 ag a C d+2^-2e^ t _ mo d u l e . Thus 

C d+ ei - ei _ 1 ;d+2e i -2e i _ 1 ^d+e.-e^ ^ *+l ^ ^d+2^ -2u-i( 2r + 2s ) . 

Therefore the grading of is encoded by 

C d+ ei -e i _ 1 ;d+2e i - 2ei _ 1 qA-A+u-u-i ^ *+l ^ ^+2^-2^ ^ + 2s _ 2d ._ 3 + 3^ 

The grading of £\ is encoded by 

C d i d+2 e4 -2 ei _ 1 ^ 0di+i ^ r> ^ o(:7 d+2e i -2 ei _ 1 ^ + 2s _ 2 - 2d;_i + 4). 

— ■ —■ — /2") — ['21 

By examining the highest and lowest degrees, £& = £| © £\ (— 1). □ 
Lemma 32. ^ S © jf 

Proof. First we consider the ungraded case and compute in the Grothendieck group. 

[Ti][Ti][M{k- l,...,k- 1,... i + + *,..., 1,...,*- 1, . . . , 0, . . . , 0)] = 

2[P(fc - 1, . . . , k - 1, . . . ,i + 1, . . . ,i + . . , 0, . . . , 0)]. 

di 

The indecomposable projective functor that takes the dominant Verma modulc to this projective object is 
Tf \ Thus there is an isomorphism of functors T%T% = © . So there must be an isomorphism of 
graded functors TiT% = J 7 ^ (r) © (s), for some integers r and s. 

is given by tensoring with the graded bimodule 
Hom^- 2 . (+2 . 4 _ 1 (Vd-2 £i +2 £( _ 1 i\i-2£ < +2^ ®c* V d P d (-2rf, + 4)). 
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AS a C , d-2e,+2 es _ 1 _ module; C d;d-2 e ,+2 ei _ 1 j g free Q f r&nk | Vt/ d-2 e ,+2e l _ 1 / Vt/ d:d-2 e ,+2 ei _ 1 | _ A bagig c&n be 

chosen homogenous in the degrees twice the length of minimal coset representatives of 

yyd-2e i +2e i _ 1 ^^d;d-2e i +2e i _ 1 _ 

S dk _ 1 x • • • x S dt+1 x S di - 2 x S di _ 1+2 x • • • x Sdo/Sd^ x • • • x S di _ 2 x 5 2 x x • • • x S do . 

So now we want to consider minimal coset representatives in S di _ 1+ 2/ '(S2 x S'd i _ 1 ). Proposition A- 2 in 
[Str] tells us the the length of these coset representatives. It gives 

C d;d-2e s+ 2e s _ 1 ^ ^ ^^^^+2^ ^ + 2s - 2 ) . 

Now J^^i is given by tensoring with the bimodulc 

Hom c d- ei+ei _ 1 (V d _ e4+ei _ 1 Pd- ei+ei _ 1) C d!d - e ' +e '- 1 ® c «. V d P d (-d 4 + l))®^-.^.,.! 
Hom c , d -2 ei+ 2, I _ 1 (V d _ 2ei+2ei _ 1 P d _ 2ei+2ei _ 1 ,C d - ei+ei - i;d - 2e ' +2e - 1 ® c d- ei+ „_ 1 VP d _ ei+ei _ 1 <-d i + 2». 

Thus we need to compute C d - €i+ei - 1 ' d - 2€i+2ei - 1 ^a-^+e^ C d;d - £ - +e - 1 as a C , d-2e,+2 e ,_ 1 _ module 
As above, C' d;d_€<+€< - 1 is a free (7d- ei + ei -i_ mo dulc of rank |^d-ei+€i-i/^-d;d-€ 4 +e 4 _i | and a basis can 
be chosen homogeneous in degrees twice the length of minimal coset representatives. There is a similar 

description for C , d-e I + ei _ 1 :d-2 e ,+2e I _ 1 ag & C »d-2e i +2e i _ 1 _ module 

Thus 

c ,d-e i +e i _ 1 ;d-2e i + 2ei _ 1 ^..^.^ ^djd-e.+e^ ^ e*^ 1 C d - 2e<+2e '- 1 (2r + 2*>. 

Therefore the grading of ^-"i^i is encoded by 

C ,d-e i +e i _ 1 ;d-2 ei +2e i _ 1 (g,^.^.^ ^d-^+e^ ^ 0*^ + ! C d+2 ei -2e i _ 1 ^ + 2s _ 2dj + 3^ 

— (2) 

The grading of T\ is encoded by 

C d;d-2 e<+2ei _ 1 s e d< _ 1+ i>r> a >oC d - 2e<+2e< - 1 <2r + 2s - 2* + 2). 

Thus^ S^^e^f^-l). □ 
Lemma 33. Por some indecomposable projective functor G\, there are isomorphisms of graded functors: 

(1) £i£ i+ i£i £* § (2) §+i © § 2) £+i © Gi. 

(2) ^^f^+i®^. 

(3) £ l £ l + 1 £ l ^£ {2) £ l + 1 ®£ l + 1 £f ) . 

Proof. First we consider the ungraded case and compute in the Grothendieck group. 
[Si] [£ i+ i] [£i] [M(k - 1, . . . , k - 1, . . . , 0, . . . , 0)] = 

2[P(k - 1, . . . , k - 1, . . . ,i + 1, . . . ,i + l,i, . . . + l,i - 1, . . . ,i - l,i,i,0, . . . ,0)1+ 

S v ' S v ' 

di di-i 

[P(k -l,...,k-l,...,i,...,i,i-l,...,i-l,i,i + l,...,0,...,0)]. 

V v ' 

di-i 

We also have 

[£l 2) }[£ i+1 }[M(k-l,...,k-l,...,0,...,0)] = 

[P(k - 1, . . . ,k - 1, . . . ,i, . . . l,i - 1, . . . ,i - . . ,0, . . . ,0)] 

V v v ' 

dt di-i 

and 

[f t+1 ][ff ) ][M(fc-l,...,fc-l,...,0,...,0)] = 

[P(k -l,...,k-l,...,i,...,i,i-l,...,i-l,i,i + l,...,0,.. . ,0)]+ 

[P(k - 1, . . . , k - 1, . . . ,i + 1, . . . ,i + l,i, . . . + l,i - 1, . . . ,i - . . . ,0, . . . ,0)]. 
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Therefore we get the desired isomorphism of functors if we ignore the grading. There is an isomorphism 

£+i3P ) £*^ 2 >£ +1 (a)eGi 
for some graded lift of the indecomposable projective functor G\ and for some shift a. 

The functor £i+\£\ is given by tensoring with the graded (Ad, Ad+e i+1 +<i i -2e i _ 1 ) — bimodule 
Hom cd+2 . < - 2 . i _ 1 (VP d+2ei _ 2ei _ 1 ,C d;d+2 ^- 2 ^- 1 ® cd VP d (-2d 4 _ 1 +4))«. Ad+2ei _ 2ei _ i 

Hom cd+ , j+1+ei - ! , i _ 1 (V? d+£j+1+£j _ 2ei _ 1) C d+2ei - 2si - i;d+fi + 1+Ei - 2fi - 1 ® cd+2ei _ 2ei _ 1 VP d +2£ 4 -2 £( _ 1 <-di - !))• 
Therefore we must consider 

x = Cf d+2e < -2 £( _ 1 ;d+e i+1 + e4 -2 £i _ 1 (g^^.^ C d;d+2 £i -2 £i _ 1 ^_ 2 ^_ 1 _ rf. + 3) 

as a C' d+e '+ 1+e ^ 2ei - 1 - module. 

AsaC^'-^- 1 - module, C ,d ^ d + 2e - 2 ^-i is free of rank v^^ 2 ^- 2 ^- 1 /v^d ; d+2 ei -2 £l _ 1 1 an d a basis can 
be chosen in degrees twice the length of minimal coset representatives. Therefore we would like to consider 
minimal coset representatives in S di+ 2/S di x 5*2 • Proposition A- 2 of [Str] tells us the length of these coset 
representatives. We get C d;d+2e ^ 2 ^- 1 ^ © (Jl +i>r> ;s >oC ,d+2ei ~ 2e ^ 1 (2r + 2s - 2). 

Similarly, as a C d+ei+1+ei ~ 2ei - 1 _ moc l u l e; (jd+2e i -2e i - 1 ;d+ei + i+e i -2e i - 1 j g f ree &n( ^ & ^asis c£m ^ & ^Qgen 

in degrees twice the length of minimal coset representatives of 

S dk x ■■■ x S di+1+1 x S di+1 x S dt _ 1 - 2 x • • • x S do /S dk x • • • x S di+1 x Si x S di+ i x S di _ 1 _ 2 x ■■■ x S do . 
Therefore, 

X £* ©t+o 1 ® dz+1 > r >s>o C d+e '+ 1+e '' 2e ^{2r + 2s + 2t- 2^_i - d 4 + 1). 
Next, £\ £i+\ is given by tensoring with the graded (A^, Ad+e i+1 +e i ~2e i ^ 1 ) — bimodule 
Hom cd+ « l+1 - £l (VP d+£l+1 _ ei ,C d ^+ 1 - e - ® cd VP d (-d i + l))®^.^..^ 

Hom cd+ e i+1+ej - 2 ,_ 1 (VP d+£j+1+£j _ 2ej _ 11 C d+6i + 1 - £i;d+ei + 1+£i - 2£i - 1 ® c d + « l+1 - es VP d+ei+1 _ ei (-2d i _i+4}). 
Thus we must consider 

Y = C d+ £i+1 -e i ;d+e i+1 +e i -2e i _ 1 C d;d+ ei+1 - e , („ 2 ^_i - dj + 5) 

as a (7d+ei + i+ei-2ei_i_ moc [ u lc. As a (7 d +«i+i- e i_ module, cd;d+e; + i-ei j g f ree anc j a basis can ^ e chosen 
in degrees twice the length of minimal coset representatives from 

Sd fc _! x • • • x S di+1 +i x Sdi-i x ■■■ x Sdo/S^.j x • • • x S dt+1 x Si x S^-i x • • • x S do . 

So now we want to consider minimal coset representatives in S di+1 +\/ S di+1 x Si. Proposition A-2 of [Str] 
gives 

^did+ei+i-e, ^ ©*+ 1 C' d+e *+ 1 - £ *(2t}. 

Similarly, as a C d + ei + 1+ei_2ei - 1 — moc [ mCj £7d+e i+ i-e;;d+e; + i+ei-2e;_i j s j ree anc j a hasis can be chosen in 
degrees twice the length of minimal coset representatives of 

S dk _ 1 x • • • x S di+1+ i x S di+ i x S di _ 1 _ 2 x • • • x S d JS dk _ 1 x • • • x S di+1+ i x S di _i x S 2 x S di _ 1 _ 2 x • • • x S do . 
Therefore, 

y = ©t+o 1 ©*>r>a>o C d+ei + 1+e '- 2e - 1 (2r + 2s + 2t - 2d;_i -di + 3). 
Finally, £i£ i+1 £i is given by tensoring with the graded (A d , A d+ei+1+ei _ 2ei _ 1 )— bimodule 
Hom c , d+El - El _ 1 (VP d+£l _ ei _ 1 ,C d;d+£ '- £ '- 1 ® cd VP d (-d 4 _ 1 + l))®^ d+ei _ ei _ i 
Hom c7d+ . i+1 - ei _ 1 (VP d+ei+1 _ £i _ 1 ,C d ' d+ei - £ *- 1 ® cd+ . i -. i _ 1 VP d+ei _ ei _ 1 (-d i »(8»^ i+ . i+i _. i _ i 
Hom c , d+ , l+1+ , I -2, I _ 1 (VP d+ei+1+ei _ 2ei _ 1 ,C d + £ '+ 1 - e - i;d+£ '+ 1 - £ '- 2e - 1 ® c , d+ei+1 - ei _ 1 VP d+ei+1 _ £i _ 1 (-di-i+2}). 
Thus we must consider 

W = Cd+e i+ i-e i -i;d+6 i+1 -e i -2 £i _ 1 ^^^^ C d+e '- e «- lid+ei + 1 - e4 - 1 ® c d+. 1 -. 1 _ 1 
pd+^-^jd+e,-*.! (_ 2 ^_i - d 4 + 3). 
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As in all the other computations, 

W S ®fL ® d s L C d+£ *+ 1+e *- 2e - 1 (2r + 2s + 2t - 2d 4 _x - d t + 3). 

The grading for is given by the summation 



t=0 r=0 s=0 



<( 2, -2,/. 



2 ^2r+2s+2t-2di_i-dj+3 _|_ y^ ^4r+2i-2<i;_i-<i;+3 

t=0 d;>r>s>0 t=0 r=0 



— (2) 

The grading for is given by 



d i+ i 

2(r-l)+2s+2t-2d i - 1 -d l +3 



E E « 2 

t=0 d; + l>r>s>0 



Letting u = r — 1, we get 



t=0 di>u>s>0 



E/ El 2 J,/ 1 ,; 



d,+i d i+ i di 

y^ y^ (? 2M+2s+2t-2d i _i-(ii+3 _|_ y^ y^ ^4u+2t-2d i ^ 1 -d i +3 
t=0 di>M>s>0 *=0 u=0 

~(2) ~ 

The grading for Z\ £i + \ is given by 

y^ y~^ ^2u+2s+2t-2<ii_i-(i i +3 
t=0 d;>u>s>0 

Therefore we get the desired isomorphisms of graded functors. □ 
Lemma 34. For some indecomposable projective functor G '2, there are isomorphisms of graded functors: 

(1) ijii-iii s 5-i§ 2) © ) © g 2 . 

(2) ff^i-i = £-iff } © G 2 . _ 

(3) fi^-ifi s* © £i-i£i 2) - 

Proof. First we consider the ungraded case and compute in the Grothendieck group. 
[£pi_i][£][M(A: - 1, ... ,A: - 1, ... ,0, ... ,0)] = 

2[P(A; — 1, . . . , k — 1, . . . ,i, . . . , i, i — 1, . . . , i — — 2, . . . ,i — 2, i — 1,0, . . . , 0)1+ 

S v ' s v ' 

di-i di-2 

[P(k -l,...,k-l,...,i,.. - - 2, . . . ,i- 2, y . . ,0, . . . ,0)]. 

s v ■ /s v y 

di-i di-2 

We also have 

[£i_i][^ 2) ][M(fe-l,...,A!-l,...,0,...,0)] = 

[P(k-l,...,k-l,...,i-l,...,i-l,i,i-2,...,i-2,i,...,0,...,0)} 
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and 

$ 2) ][£_i][M(fc-l,...,fc-l,...,0, ■■■,<))] = 

[P(k - 1, . . . , k - 1, i - 1, . . . , i - 1, i, i, i - 2, . . . , i - 2, i - 1, . . . , 0, . . . , 0)] + 

V * ' V v ' 

di-i di-2 

[P(k-l,...,k-l,i-l,...,i-l,i,i-2,...,i-2,i,...,0,...,0)}. 
- . ^ „ ' 

Therefore we get the desired isomorphism of functors if we ignore the grading. The functor E\ t{-\ is 
given by tensoring with the graded (A d , A d _ ei _ 2 _ ei _ 1+ 2 £i ) — bimodule 

Hom c , d+ei _ 1 - 2£l _ 2 (VP d+ei _ 1 _ ei _ 2 ,C d;d+e - 1 ~ e '- 2 ® cd VP d (-d i _ 2 + l))®^^.^ 

Hom cd+ 2e i -e i _ 1 -e i _ 2 (VP d+2ei _ ei _ 1 _ ei _ 2 ,C d ^ VP d+ei _ 1 _ £t _ 2 (-2d J _ 1 +2)). 
Therefore we must consider 

X = C -d+ ei - 1 -e I - 2 ;d+2 ei - ei _ 1 - ei _ 2 (g,^^ i (jd'A+e^-e^ (_ 2 d 4 _! - d^ 2 + 3) 

as a C , d+2 £ ,- ei _ 1 - e ,_ 2 _ mo dule. 

AsaC^- 1 " 64 " 2 - module, C'd;d+e i -i-e i -2 is free f ran k |^d+e i _ 1 -e i _ 2/ / w d ; d+e i _ 1 -e i _ 2 | an d a basis can 
be chosen in degrees twice the length of minimal coset representatives. Therefore we would like to consider 
minimal coset representatives in S di _ 1+ i/ S di _ 1 x Si. Proposition A- 2 of [Str] tells us the length of these coset 
representatives. We get c , d ; d+e,_ 1 - ei _ 2 ^ ®^- 1 C d+€< - 1 - €< - 2 <2t). 

Similarly, as a (] d+2ei ~ ei - 1 ~ ei - 2 — module, (7 d +e i _i-e i _ 2 ;d+2e i -e i _i-e i _ 2 j g f ree anc j a Das j s can De chosen 
in degrees twice the length of minimal coset representatives of 

SVi X • • • X S di+2 X Sdi-i-l X S di _ 2 -i X • • • X S^/Sd^, X • • • X S di X S 2 X Sd^-l x SV2-1 x • • • x Sd - 

Therefore, 

A S ©to 1 © dl+ i> r > s > C d+26i - 6i - 1 - £i - 2 (2r + 2s + 2t - 2dj_i - d^ 2 + 1). 

Next, £i-i£\ ' is given by tensoring with the graded (A d , A d+2 e i -e i _i-e i _ 2 ) — bimodule 
Hom C d +a . 1 -2. 1 _ 1 (VP d+2ei _ 2ei _ 1 ,C d;d+2ei - 2ei - 1 ® cd VP d (-2rf i _ 1 + 4))«. Ad+2ei _ 2ei i 

Hom c , d+2ei - ei _ 1 - ei _ 2 (VP d+ 2 £l - ei _ 1 _ ei _ 2 ,C d+2e ^ 2£ '- i;d+2e ^ e '- 1 - e - 2 0^+2^-2^., VP d+2£l - 2ei _ 1 (-d l -2 + 1)). 
Thus we must consider 

Y = C d+2e i -2 ei _ 1 ;d+ 2ei - ei _ 1 -e i _ 2 g,^.^.^ C did+2 ei -2 ei _ 1 ^_ 2dj _ i _ d ._ 2 + 5^ 

As a (7 d +2e;-2ei-i_ mo dulc, (7 d ;d+2e i -2e i _i j g f ree anc j a Das j s can De c hosen in degrees twice the length of 
minimal coset representatives from 

Sd k ^ X • • • X S d%+2 X S' dl _ 1 _2 X • • • X Sdo/Sd^ x ■ ■ ■ x S dt x S 2 x SV1-2 x • • • x 5 do . 
So now we want to consider minimal coset representatives in S di+2 /S di x S 2 . Proposition A- 2 of [Str] gives 

C d : d+2e '- 2e «- 1 £* © dl+ i> r>s >oC d+2e ^ 2e - 1 (2r + 2s - 2). 
Similarly, as a (7 d +2e i -e i _i-e i _ 2 _ moc [ mCj (^d+2e i -2e i _i;d+2e i -e i _i-e i _ 2 j s f ree anc j a basis can be chosen in 
degrees twice the length of minimal coset representatives of 

x • • • x 5 di+2 x S^i-i x S di _ 2 -x x • • • x Sdo/Sd^ x • • • x 5 di+2 x S , d 4 _ 1 _ 2 x 5i x S d4 _ 2 _i x • • • x S do . 
Therefore, 

Y = © t to 1_2 ©d l+ i>r> s >o C d+2e ^ e - 1 - £ '- 2 (2r + 2s + 2t - 2d^ - d^ 2 + 3). 
Finally, £iEi-\Ei is given by tensoring with the graded (A d , Ad+ 2£i ^ ei _ 1 ~ ei _ 2 )— bimodule 
Hom c , d+ei - ei _ 1 (VP d+ei _ ei _ 1 ,C d;d+e '- £ '- 1 © cd VP d (-d 4 _ 1 + l))® ild+ . i _. i _ i 

Hom c „ 1+ei - ei _ 2 (VP d+ei _ £i _ 2 ,C d+e ^ e - 1 ' d+£ '- e '- 2 © cd+ , s -„_ 1 + l))®A d+Ci _ ei _ 2 

Hom c , d+2ei - ei _ 1 - Cl _ 2 (VP d+2£i+ei _ 1 „ ei _ 2 ,C d+ ^- e - 2;d+2e '- e '- 1 - 2e - 2 ® C * +H - H _ 2 VP d+ei _ ei _ 2 (-d i _ 1 + 1)). 
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Thus we must consider 

w = c ,d+£ ^- 2;d+2e *- e *- i - £ *- 2 <g) C d +£l - £l _ 2 c d ^ 

As in all the other computations, 

W £* ©to 1 "' ®* o ®* + 1 C d+2e -- e *- 1 - £ - 2 (2r + 2s + 2t - 2d^ - di_i + 3). 

The grading for £| 2 ^<5j_i © £j_i£} 2 ^ is given by 

di — i di-i—2 

y^ (? 2r+2s+2t-2d s _i-<i 1 _2 + l _|_ ^ ^ ^2r+2s+2t-2d,_i-d,_ 2 +3 = 

t=0 d; + l>r>s>0 t=0 di + l>r>s>0 

di-i — 1 

^2r+2s+2i-2(ii_i-di_2 + l _|_ ^2r+2s+2t-2di_i -d;_ 2 +3 

■ di+l>r>s>0 t=0 di+l>r>s>0 

(\ + q- 2 } ^2 g 2r +2s+2t-2d»_i-di_ 2 +3 _ 

t=0 di + l>r>s>0 

rfi-l-ldi + l d; 

y^ y^ g 2r+2s+2t-2d I _i-d 1 _ 2 +3 

t=0 r=0 s=0 

This is the grading for £i£i_i£i so we have the desired isomorphism of graded functors. □ 
Lemma 35. For some indecomposable projective functor G 3 , there are isomorphisms of graded functors: 

(1) Tjfi+yfi £* fi+i-ff ) ©fi+i-^f 5 © G 3 . 

(2) J^Vi+i = ^+ijf } © G 3 . 

(3) TiFi+xTi = T (2) T %+1 © ^ i+ i^ 2) . 

Proof. First we consider the ungraded case and compute in the Grothendieck group. 
[H[^+i][H[M(k - 1, ... ,fc - 1, ... ,0, ... ,0)] = 

2[P(fc- l,...,k- + + + 1,0,..., 0)]+ 

di+i di 

[P(fc-l,...,A-l,...,i-l,i + l,t + l,...,» + l,...,0,...,0)]. 

S v ' 

We also have 

[J- J+1 ][^ 2) ][M(fc-l,...,fc-l,...,0,...,0)] = 

[P(fc - 1, . . . , k - 1, . . . + l,i + 1, . . . ,i + l,i - l,i - l,i, . . . ,i, . . . ,0, . . . ,0)] 



di+i di 



and 



[T\ 2) ] [M(k - 1, . . . , k - 1, . . . , 0, . . . , 0)] = 

[P(k-l,...,k-l,...,i-l,i + l,i + l,...,i + l,i-l,i,...,i,...,0,...,0)]+ 
[P(fc -I,...,k-l,...,i,i + l,i + l,...,i + l,i-l,i-l,i,...,i,...,0,.. .,0)1. 

V v ' V v ' 

di di 

Therefore we get the desired isomorphism of functors if we ignore the grading. 

The functor J 7 - 2 '' ) !F%+\ is given by tensoring with the graded (Ad, Ad+2e i - 1 -ei-e i+1 )— bimodule 

Hom cd+ , r! „ +1 (VP d+£i _ ei+1 , C d ' d+ ^- e '^ © cd YP d (-d l+1 + l))® Ad+H _ H+1 

Hom cd+2£ ,_ 1 - ( ,- £ , +1 (VP d+2£ ,_ 1 _ £ ,_ e , +1I C d+e -- £ -+ i;d+2£ - 1 - £ '- £ '+ 1 ® c d +ei -e i+1 VP d+e4 _ e4+1 <-2di + 2». 
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Therefore we must consider 

x = C d+e i -e i+1 ;d+2e i . 1 -e i -e i+1 C d ' d+ ^~ e ' +1 {-2d, - d l+1 + S) 

as a C'd+2ei-i-e,-e I +i_ mo dule. 

As a C A+U ~ U+1 — module, c d ' d+u ~ u+1 is free and a basis can be chosen in degrees twice the length of min- 
imal coset representatives. Therefore we would like to consider minimal coset representatives in S^+i/Si x 
Sdi- Proposition A-2 of [Str] tells us the length of these coset representatives. We get C d ' d+ei ~ ei+1 = 

e* c d+e «- e *+ i <2t>. 

Similarly, as a c d+2u - 1 ~ u ~ u+1 — module, C d+ei ~ ei+i;d+2ei - 1 ~ ei ~ ei+1 is free and a basis can be chosen in 
degrees twice the length of minimal coset representatives of 

Set*.! x • • • x x S di -i x S dt _ 1+2 x • • • x SaJSd^, x • • • x S di+1 -i x S di -i xS 2 x x---xS do . 

Therefore, 

X * ©* „ © di _ 1+ i>r> s >o C d+2 ^- 1 - e '- e '^(2r + 2s + 2t- 2d, - d l+1 + 3). 

Next, Ti+\Tf^ is given by tensoring with the graded (A d , Ad+2e i - 1 -e i -e i+1 ) — bimodule 
Hom C d- a . 1+2 . < _ 1 (VP d _ 2ei+2ei _ 1 , c d ' d - 2 ^+ 2e - 1 ® cd VP d (-2d i + 4»®^ d _ !le4+2 . i _ i 

Hom c d +2ej _ 1 -« i - ej+1 (VP d+2ei _ 1 _ £j _ ej+1 ,C d - 2£i+&i - 1 ' d+2ei - 2 - £i - 6i + 1 ® c --2. <+2 . 1 _ 1 VP d _ 2e4+2e4 _ 1 (-di+i + 1)). 
Thus we must consider 

y = C d-2e i +2 ei _ 1 ;d+2 ei _ 2 -e i _ 1 - ei+1 ^.^^ C d;d-2 ei +2e I _ 1 (_ 2d . _ ^ + ^_ 

As a C d ~ 2ei+2ei ~ 1 — module, (j d ' d ~ 2ei+2ei - 1 is free and a basis can be chosen in degrees twice the length of 
minimal coset representatives of 

x • • • x S dt - 2 x S di _ 1+ 2 x • • • x SdJSd^ x • • • x S di _ 2 x S 2 x x • • • x S do . 

So now we want to consider minimal coset representatives in Sd i _ 1 +2/S2 x Sd i _ 1 - Proposition A-2 of [Str] 
gives 

C did-2 ei + 2ei _ 1 s © d4 _ 1+1 > T . >a > C d - 2e ' +2e '- 1 (2r + 2s - 2). 
Similarly, as a (7 d + 2e i-i- e ;- e ;+i — module, (7 d -2c i +2e i _i;d+2e i _i-c i -e i+ i j g f ree an( j a ^^jg can chosen in 
degrees twice the length of minimal coset representatives of 

Sd fe _i x • • • x S di+1 -i x S d ,-i x 5 di _ 1+2 x • • • x SdJSd^i x • • • x S di+1 _i x Si x S di _ 2 x 5 di _ 1+2 x • • • x S do . 
Therefore, 

F = o 2 ©*_i+i>r>a>o C d+2e - 1 - £ '- £ '+ 1 (2r + 2s + 2t - 2d, t - d l+1 + 3). 
Finally, TiTi+\T, is given by tensoring with the graded (A d , J 4 d+2ei _ 1 _ ei _ ei+1 )— bimodule 
Hom cd -c l+Cl _ 1 (VP d _ £i+ei _ 1 ,C d;d -^ +e - 1 ® cd VP d <-d 4 + l»®^ d _. 4+ . 4 _ i 

Hom cd - ! , +1+£ ,_ 1 (Vi' d _ £ , +1+£ ,_ 1 ,C d - £ ' +£ -^- £ -+ 1+£ - 1 ® c «.-. i+ . i _ 1 VPd-^.^-di+i + l))®^..^.^ 
Hom c d + 2 ej _ 1 - ei -. j+1 (VP d+ 2 ej _ 1 -e i - £i+1 ,C d - £i + 1+£i - i;d+2£i - 1 - £i - £i + 1 ® c d- i+1 +. < _ 1 VPd-^+^^-di + l)). 
Thus we must consider 

^ = C d-e i+1+ei _ 1 ;d+2e i _ 1 -e i -e i+l0cd _ ei+i+ei _ i ^d-^^d-e^^^^^ ^djd-^+e,-! (_ 2 d 4 -d l+ i+3). 

As in all the other computations, 

©fr 1+1 ©r=o ©fr 1 C d+£ '- 2+£ '- 1 - 2e '(2r + 2s + 2t - 2d, - d t+1 + 3). 

— (2) ~ ~ ~(2) 

The grading for T\ Ti+i © Ti+\T\ is given by the summation 

di di-2 

^2r+2s+2t-2 di -d i+1 + l _|_ ^2r+2s+2t-2 di -d i+1 +3 _ 

t=0 di _! + l>r>s>0 t=0 di _i+l>r>s>0 

rfi-1 di -l 

q2r+2s+2t-2di-d i + 1 + l _|_ ^ ^ g2r+2s+2t-2 di -d i+ i+3 _ 

t=0 di _ 1 + l>r>s>0 t=0 di _ 1 + l>r>s>0 
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di-1 

+ 1) ^ q2r+2s+2t-2di-d i+1 +3 
t=0 di_i+l>r>s>0 

This is the grading for TiTi+\Ti so we have the desired isomorphism of graded functors. □ 
Lemma 36. For some indecomposable projective functor G4, there are isomorphisms of graded functors: 

(1) Tfi-xTi § (2) fi-i ®^ (2) ^-i © G 4 - 

(2) K-iJfl = jf^i-x © G 4 . 

(3) TiTi-xTi = jWTi-if&Fi-ijf*- 

Proof. First we consider the ungraded case and compute in the Grothcndieck group. 
[Fi][Fi-i][Fi]\M(k - 1, ... ,A - 1, ... ,0, ... ,0)] = 

2[P(k - 1, ... ,k - 1, ... ,i - l,i - ... - 2,i - 1, ... ,i - 1,0, . . . ,0)1+ 
. ^ . ' 

di di-i 

[P(k-l,...,k-l,..., i-2,i-l,i,...,i, ...,0,...,0)}. 

di-i 

We also have 

[^ (2) ][^_ 1 ][M(fc-l,...,fc-l,...,0,...,0)] = 

[P(fe-1,..., A: - 1,..., i - 2,i - 1, i ) i-2,i-l,...,i-l,...,0,...,0)] 

V v ' S v ' 

di di_l 

and 

[Fi-i][jf ] ][M(k — 1, . . . , A; — 1, . . . ,0, . . . ,0)] = 

[P(fc - 1, . . . , k - 1, . . . ,i - l,i - . . . - 2, i - 1, . . . ,i - 1, . . . ,0, . . . ,0)1+ 

V v ' S v ' 

di di-i 

[P(k - 1,.. .,k - 1,.. 2,i- .. - 1, . - 1, . ..,0, . . . ,0)]. 

S v ' S v ' 

di d«-i 

Therefore we get the desired isomorphism of functors if we ignore the grading. 
The functor Ti-ilf ) is given by tensoring with the graded (Ad, Ad+t i _ 2 + ti _ 1 -2t i )— bimodule 
Hom C d- ! .. 4+2 . ( _ 1 (VP d _ 2£i+2£i _ 1 , C d - d - 2e -+ 2e - 1 ® cd VP d (-2d, + 4»(8) J i d _ 2 . (+2<4 _ i 

Hom cd+£ ,_ 2+Ii . 1 - 2( ,(VP d+e ,_ 2+El _ 1 _ 2£ „C d+2£ - 1 - 2£ ' ;d+£ '- 2+£ - 1 - 2£ ' ® C d-2. (+2 . 4 _ 1 VP d _ 2ei+2ei _ 1 (-rf«_ 1 - 1)). 
Therefore we must consider 

^ = c d+2 £ ^ 1 -2 £ ,;d+ £s _ 2+£s _ 1 -2 £ , g, cd _ 2ei+2ei _ i C .d;d-2 £t +2 £t _ 1 ^_ 2dj _ ^ + 3^ 

as a C , d+6i_2+6i-i-2e i _ mo d u l c . 

As a C d - 2e *+ 2e - 1 - module, C d ' d - 2e '+ 2e «-i ig free of rank | ^d-2^+2^ / W -d,d-2e i +2e 4 _ 1 1 and ft basis can 

be chosen in degrees twice the length of minimal coset representatives. Therefore we would like to consider 
minimal coset representatives in Sd i _ 1 +2/ S2 x Sd i _ 1 ■ Proposition A-2 of [Str] tells us the length of these coset 
representatives. We get C d ' d - 2e *+ 2e - 1 = ed j _ 1 +i>r> s >oC d - 2ei+2ei - 1 (2r + 2s - 2). 

Similarly, as a C d+ei - 2+ei - 1 - 2ei - module, C'd-2ei+2e 4 _ 1 ,d+e 4 _ 2 +e 4 _ 1 -2e 4 ig free and a basig can be chosen 
in degrees twice the length of minimal coset representatives of 

Sd k x • • ■ Sdt-2 x Sdi-i+i x Sd l _ 2 +i x • • • x Sd a /Sd k x • • • x Sdi-2 x Sd i _ 1 +iSi x 5d 4 _ 2 x • • • x Sd - 

Therefore, 

X £* ©fr 2 © dl _ 1+ i> r > s > C d+e - 2+e - 1 - 2£ '(2r + 2s + 2t - 2d 4 - + 1). 
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Next, jf ) T i _i is given by tensoring with the graded (A d , A < i+e i _2+e i - 1 -2ei) — bimodule 
Bom c , d - et _ 1+H _ 2 (VP d _ £l _ 1+£s _ 2 , C d;d - £ *- 1+£ - 2 ® cd VP d (-d i _ 1 + l))®A d _ ei _ 1+ei _ 2 

Hom cd+ ^ 2+( ,„ 1 - 2l ,(¥P d+ei _ 2+e ,_ 1 _ 2£ll C d+e '- 2 - £ - i;d+E - 2+£ - 1 - 2e - ® c d + „_ 2 - ei _ 1 VP d - £( _ 2 -e < _ 1 (-2d i + 4». 
Thus we must consider 

Y = c d+t >- 2 - e ^ d+t '- 2+t '-i +2e > ® cd+ei _ 2 _ ei _ 1 C d;d+£ - 2 - e - 1 (-2rf 4 - + 5} 
as a C d + e -2+ e -i- 2e >_ module. As a C d+u - 2 - ti - 1 - module, (7d;d+ei-2-e 4 -i ig free and a basis can bc 
chosen in degrees twice the length of minimal coset representatives of 

S dk _ 1 x • • • x S^i-i x Sd 4 _ 2 +i x • • • x S d JS dk _ 1 x • • • x S di _ r -i x Si x S di _ 2 x • • • x S do . 

So now we want to consider minimal coset representatives in S di _ 2+ i/Si x S di _ 2 . Proposition A- 2 of [Str] 
gives 

£fd,d+ei_ 2 — ei-i c^. di ~ 2 (7 d + e »- 2 ~ £i - 1 (2t) 

Similarly, as a C d+e% - 2+ei - 1 ~ 2ei - module, c d+ei - 2 ~ et - 1 ' d+ei - 2+ei - 1 ~ 2ei is free and a basis can be chosen in 
degrees twice the length of minimal coset representatives of 

S^-! x • • • x S d( - 2 x S di _ 1+1 x S dt _ 2+1 x • • • x SdJSd^ x • • • x S di - 2 x S 2 x SV1-1 x S di _ 2 +i x ■ ■ ■ x S do . 
Therefore, 

Y = e^O 2 e di _ 1 >r> S >0 C d + e -^-i-2e, ( 2r + 2s + 2 t - 2d, - di-i + 3). 

Finally, TiTi-\Ti is given by tensoring with the graded (A d , yld+e i _ 2 +e i _ 1 -2e i )— bimodule 
Hom cd - £l+es _ 1 (VP d - £4+£i _ 1 , C d!d - £4+£ «- 1 ® c <* VP d (-d, + l»(g) J i d _. i+ . 4 _ i 

Hom cd+ e 4 _ 2 -. 4 (VP d+£s _ 2 _ ei ,C d - £ ' +£ - i;d - £ ' +£ *- 2 ® G d-. i+ . ( _ 1 VP d - £4 +e 4 _ 1 (-di-i»«) J i d+ . ( _ 2 _. i 
Hom C d+. 4 _ a+ . 4 _ 1 - 2 . ( (VP d+£ _ 2+£ _ 1 _ 2£i ,C d+£ *- 2 - £ « ;d+£ - 2+£ - 1 - 2£ * ® c d+e 4 _ 2 -. 4 VP d+£i _ 2 _ £t (-rf« + 2)). 
Thus we must consider 

^ = C ,d+ £i _ 2 -e 4 ;d+ £4 _ 2 +e 4 _ 1 -2 £4 g^^^ ^d+^-i-^d+^-a-e, g^.^^. ^did+ei-i-e, (_ 2dj - + 3). 

As in all the other computations, 

W £* ©fr 2 ©^o 1 efr 1 C d+£ - 2+£ - 1 - 2£ '(2r + 2s + 2t - 2d, - d,-± + 3). 

The grading for TiTi-\Ti is given by 

di- 2 t 

EEE* 



2 0j-lOj-l 

,2r+2s+2t-2d 4 -d 4 _i+3 



t=0 r=0 s=0 

di-2 d 4 _ 2 d 4 _i 

2 ^ ^ ^2r+2s+2t-2di-(ii_i+3 _|_ ^ ^ ^4r+2t-2d 4 -d 4 _i+3 

t=0 di_i>r>s>0 t=0 r=0 

The grading for J r i _iJ r ^ is given by 

E E g2(r-l)+2s+2t-2d i -d i _i+3 

t=0 d 4 _i + l>r>s>0 

Letting u — r — 1, this is equal to 

di-2 

y ^2«+2s+2t-2d,-d,_i+3 

di-2 rf 4 - 2 d 4 -l 

^2ti+2s+2t-2<ii-(ii_i+3 _|_ ^ ^ ^4u+2t-2di -d 4 _ i +3 

t=0 di_i>ti>s>0 t=0 m=0 

Since the grading for pp^ is given by J2t=o Ed j _ 1 > r >s>o g,2r+2«+2t-2d 4 -d 4 _i+3 ; wc g Ct t ^ e desired iso- 
morphism of graded functors. □ 
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Now we may state a categorification of the quantum Serre relations. 



Theorem 5. There are isomorphisms of graded projective functors: 

(1) HiKr 1 =ld = H^Hi. 

(2) HiHj = HjHi- 

(3) If\i~3\>J, Hi£ 3 =£ 3 H t . 

(4) Hi£i S £iHi(2). _ 

(5) j| = 1, Hi£j^£jHi(-l). 

(6) > 1, HiTi^TiHi. 

(7) UiTi^TiUi^Y 

(8) // |t - j | = 1, Wif,-^ ^Wi<l). 

(9) J/i^j, ^ 

(10) If\i-j\ > 1, ££^£j£i L 

( n ) Or ^ > I' ^ - _ 

(12) £j£i£i+i © £i+\£j£i = £i£i+i£i(l) (B £j£i+\£i{— 1). 

(13) £i£i£i—i (B £i—\£i£i = £j£j_i£j(l) £i£i—\£i( 1). 

(14) TiTiJ-i+i (B Ti+\TiTi = J-iTi+iTi(l) (B TiTi+\Ti{— 1). 

(15) T i T l T i -\ © Ti-\TiTi £ TiTi-xT^l) © 

(16) If di-i > di then 

fi£i ©^"iT*" 1 W<di-i - * - 1 - 2r). 

// > dj_i i/ierc 

£* e*^*" 1-1 Id<di - dj_i - 1 - 2r). 
//di = dj_i, tAen = £,.Fj. 

Proof. (1) This is obvious. 

(2) This is obvious. 

(3) If |z — j | > 1, then the value of |dj — dj_i| remains unchanged after applying £j. 

(4) After applying £j, dj increases by 1 and dj_i decreases by 1 so there is a shift of 2. 

(5) If j = i + 1, then di decreases by 1 and dj_i remains unchanged. If j = i — 1, then dj_i increases by 
1 and di remains unchanged so there is a shift of -1. 

(6) This is the same as the proof of 3. 

(7) After applying Ti, di decreases by 1 and dj_i increases by 1 so there is a shift of -2. 

(8) If j = i + 1, then di increases by 1 and dj_i remains unchanged. If j = i — 1, then dj_i decreases by 
1 and di remains unchanged. 

(9) We would like to prove that £\T 3 and T 3 £i are indecomposable projective functors if i ^ j. We show 
this by computing \£iT 3 \ and \T 3 £i\ on [M(fc — 1, . . . , k — 1, . . . , 0, . . . , 0)]. If i — j > 1, both are equal 
to 

[P(k - 1, . . . ,k - 1, . . . ,i, . . . - 1, . . . ,i - . . , j - 1, j, j, . . . ,j„ . . . ,0, . . . ,0)]. 

S * ' S v ' 

di — i c£j 

The case of i — j < 1 is similar. If i — j = 1, then both are equal to 

[P(fc - 1, . . . ,k - 1, . . . ,i, . . . - 2,i - l,i - 1, . . . ,i - l,i„i - 2, . . . ,i - 2, . . . ,0,. . . ,0)]. 

s v ' 

di-i 

The case of i — j = — 1 is similar. Thus £iT 3 and T 3 £i are indecomposable projective functors that 
are equal on the Grothendieck group so they are isomorphic. Since their lowest and highest gradings 
obviously coincide, their graded lifts are also isomorphic to each other with no shift. 
(10) Again, we first compute the ungraded functors on the dominant generalized Verma module in the 
Grothendieck group to get 

[P(k - 1, . . .,k - 1,. .., j - 1,. .. , j - . .. ,i- 1,.. .. ,0, .. . ,0)]. 

- .. ' » .. ' 
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Thus £i£j and £,£j are indecomposable isomorphic projective functors. Since their lowest and highest 
gradings coincide, their graded lifts are isomorphic with no shift. 

(11) The proof of this is the same as the previous one. Applying these functors to the dominant generalized 
Verma module in the Grothendieck group gives 

[P(k -l,...,k-l,... , j - . . . ,j , . . . . . . ,0, . . . ,0)]. 

dj di 

The rest of the proof is the same. 

(12) Lemma EH implies both 

£ i+ i£i£i ~ £ l+ i£P(l) © £ i+1 £^(-l) 
£i£i£ i+1 s £f ] {l% + i ®£ < ? ) {-l)£ i+1 . 

Then lemma [551 gives 

£i£i+\£i — £f^£i+\ © £i+i£i 2 ^ ■ 

These facts now easily prove the claim. 

(13) This is similar to the proof of 12 using lemmas [3T1 and [34l 

(14) This is similar to the proof of 12 using lemmas I3"2l and [3"5l 

(15) This is similar to the proof of 12 using lemmas [3"2l and 131)1 

(16) We compute [£i][Ti]([M{k - 1, . . . , k - 1, . . . ,0, . . . , 0]). In general, 

n n n 

{£ i ][F i ]{[M{a 1 ,...,a n )] = Yl J2 [M(a 1 ,...,a' r ,...,a'^...,a n )}+ ^ [M(a u . . . , a*)] 

r—l;a r —i s—l;a s —i—l r— l;a r — i 

where o! r = i — 1 and a" = i. Applied to the dominant Verma module it is equal to 
[P(fc - M-M-l l,i, 0,...,0)] + J2 [M(k-1,...,0)}- 

, , r—l:a r —i 

dt di — i 

On the other hand, 

n n n 

[F i ][£ i ]([M(ai,...,a n )}= ^ ^ [M(a u X, ••• , a n )] + £ [M(a 1} . . . , a n )]. 

r—l;a r —i s—l;a s — i—l s—l;a s —i—l 

So for the dominant Verma module it is equal to 

n 

[P(k-l,...,k-l,...,i-l,i,...,i,i-l,i-l,...,i-l,i,0,...,0)]+ V [M(fc-1,...,0)]. 

, , s— l;a s — i— 1 

di di—i 

Thus 



and 



£jjFj S G © ©°L" Id 



^^Gffiffifl-o 1 x Id 
where G is an indecomposable projective functor. 

As in lemma 3.4 of [FKS], as a C d - module, C d;d+£ <- £ '- 1 ©j!lr 1_1 £7 d (2r) and C d;d - £l+£ '- 1 S 
ffi^" 1 C d (2r). Thus 

(2) ^did+^-e,-! 8cd+6 ._ e< _ i ^d+e.-e,^ ^ ^ ^ ©J^ 1 C(2k + 21) 

(3) C d;d-e i+ u-i 8od _. i+l( _ 1 ^d-ci+c*-! ^ cd C 3*-! ^-l C ( 2 fc + 20- 

Since their lowest degrees coincide and G is indecomposable, there is an isomorphism of graded 
functors 

£ l T l = G © ffi^To 1 Id(m r ) 

and 

^ = G©ffifr 1_1 idK) 

Now .Fjfj is given by equation[5]but shifted by (— (dj — 1))(— (dj_i)) and £j.Fj is given by equation[3] 
but shifted by (-(d i _ 1 ))(-(dj - 1)). 
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Hence [Ti][£i] - = 

J2 [C<-2ifc - 21 + di + di_i - 1)] - ^2[C{-2k-2l + di + di-i-l}}. 
i=o k=o k=o i=o 

Suppose di < di-x- Then the above is equal to 

di-ldi-i-l di-i-1 

£ [C(-2k - 21 + + di-! - 1)] + ^ [C(-2fc-2d 4 + d 4 + d 4 _i - 1)]- 

2=0 fe=0 fc=0 



H Yl l C (- 2k -2l + d t + di-i - 1)] - Y [C(-2Z - 2di_i + d 4 + di_i - 1)] 

fc= 1=0 1=0 

J2 [C{-2k - 2d, + di + di-t - 1)] - l C (- 21 - 2d *-i + d i + d i-i - !)] = 

fe=0 (=0 
-l-l di-1 

[C{-2k - di + d^! - 1)] - Y [C{-21 - di-! + d t - 1)]. 



k=0 1=0 

Let m = I — di + di—!. Then the above is equal to 

di-i— l l 

[C(-2fc - di + - 1)] - [C(-2m-2d l + 2d 4 _i +d t -d 4 _i - 1)] = 

fc— m=di — \ — di 

dli_i — l 

^ [C(-2A; - di + di_i - 1>] - ^ [C(-2m + di_i-di-l>] = 

A'— m—di — i—di 

di-i-di-1 

Y [C(~2k + di-! -di- 1)] = [di-! ~ di}. 
k=0 



Thus 



Ti£i <* EiTi (S d r =o d ' 1 Id(di-! -di-1- 2r). 



Suppose di = di-!. Then clearly T&i = EiT. 
Finally suppose di > di-!. As in the case d$_i > dj, 

[EiTi] - [T£i] = [di - di-!]. 

Thus 

EiT <* TEi e*^*- 1-1 Id(di - di_i - 1 - 2r). 



□ 



5.2. Graded Equivalence of Categories. We would like to prove a graded version of the equivalence 
given in section 3. In the ungraded case there is an isomorphism of functors 

/•4 4 .. [-(* - mAr^ [-(* - !)] = id ■ 

Thus in the graded case there is an isomorphism for some shift a: 

i-A <; . [-(* - mz%r^ - m = id <«>- 

To determine the shift, we compute on a generalized Verma module. 

Lemma 37. In the notation of section [3J% L s Z^ j +1 ^M' p ^ (a) = +*(/?) if s = k - 1 and otherwise. 
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Proof. We know that it is zero for s ^ k — 1 so we only need to concentrate on the case that s = k — 1. 
Consider the graded sequences from lemma 5: 

-> -> A? qj (a) -> (a) -> 0. 

-> #i -> M qj (cri.a)(l} -> X -► 0. 

-> ^ 2 -> M qj (crio-2-a)(2) -> -> 0. 

-> if fe - 2 - M^((Ti • ••a fe _ 2 .a){fc -2} -» K fe _ 3 -> 0. 

-» tf fc _i -» M*i{(J X ■ • • CTfc _ 2 CT fe _ 1 .a)(fc - 1) -► Xfe-2 -» 0. 

As in the ungraded we get 
L.Z\ i; . M" :a : ■ ■ ■ a h a)(l) = I. ./I ej K, , = L S+1 Z P ^ +1 K^ 2 5* • • • I^^eJ^Xo 

= i s+i Z q p ;^ +1 MP^(a). 

We know L s Zq 3 j e^ : ' j+1 M qj (a% ■ ■ ■ ai.a)(l) = if s 7^ A; — £ — 1. If s = k — I — 1, it is isomorphic to 

M^+ 1 (/3)(l){k - Z - l)(-(fc - 1)) = M p ^+ 1 (/3). 

The second shift comes from the fact the M pj+1 ((3) is a Koszul module. The third shift comes from the 
grading convention for the lift of the dual Zuckerman functor. Thus there is no shift overall. □ 

We let A denote a composition of graded equivalences. 

5.3. Graded Diagram Relation 1. It suffices to repeat the calculation of lemma[8]with the grading. 
Lemma 38. If i — 2r, 

L t Z p ^ +1 M^(a) - M*(a)(2r + l-k). 

Proof. From the graded exact sequences of the previous subsection we easily see that 

LiZ^ +1 M^(a) <*...<* Li-rZ^M^iai ■ ■■* r .a)(r). 

Now, M qj (a 1 ■ ■ ■ o~ r .a) is a Koszul module and has a projective resolution whose rth component is generated 
in degree r. Thus 

Li^Z^.^M^io-x • • -a r .a){r) £* (a)(r)(r)(-(k - 1)) £* M^(a)(2r + 1 — k). 

The second shift comes from the fact that the module is Koszul, and the third shift comes from the definition 
of the functor. □ 



Corollary 11. There is an isomorphism of graded functors 



LZ\>& [-(k - 1)] £ ©^"o 1 W[2r - (k - l)](2r - (k - 1)). 



5.4. Graded Diagram Relation 2. In this subsection we include only the i and (i + l)st entries of the 
weights for the Verma modules. 

Lemma 39. There is an isomorphism, of graded objects 

LZ Si e Si M Si { ai ,a i+l ) S M Si {a u a i+ i){-l) © M Si (ai,a i+ i)[2](l). 

Proof. Consider the object M 5i (oj, dj+i). There is an exact sequence 

-> M(a i+ i,ai){l) -» M( ai ,a l+ i) ^? 5l M 5 -(o^Oi+i) -> 0. 

Now apply the functor LZ Si to get a long exact sequence. It follows that 

L Z Si e Si M H {a u a i+l ) ^M Si {a h a i+1 ){-\). 
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The shift comes from the convention taken for the functor. Thus, 

L 2 Z s ^ Si M Si {a u a i+1 ) = M Si ( ai ,a i+1 )(-l) (1>(1)- 

The second shift comes from the exact sequence and the third shift comes from that the module is Koszul.. 
Therefore 

LZ s % i M Si {a i ,a i+1 ) S M^a*, a i+1 )(-l) © M* 4 ^, a i+1 )[2](l). 

□ 

Corollary 12. There is an isomorphism of graded functors: LZ 2 *?^ [— 1] = Id[— 1) ©Id[l](l). 

5.5. Graded Diagram Relation 3. As in section 14731 we study the graded generalized Verma module of 
highest weight a, M Pi+1 (ai, . . . , <n, k — 1, . . . , 0, a t+k , . . . , a n ). 



Lemma 40. Let a,i = I. Suppose s = or s = 2. Then 
L s ZZtT +x ^ + + \M^ (a h k - 1, . . . , 0) = 0. 

L 1 ^;+ 1 qi+1 ^:t^ Pl+1 («- *-!»•• ■ Aa l+fc ) = i 1 ^+ qi+1 M^^ 1 ( e .a)/L 1 Z q s ;+ qi+1 X 



'Si + qi+i ^ r 5«i + q 
q; + i A — ^l^q I + 1 



LiZf+^Kk+z = L 1 ^:+ qi + 1 M qi + 1 (a 1 • • • a fc _ ; _ 2 .a)(fc - I - 2)/L 1 ^i+ q * +1 i^_ 2 



is-Z'qI+i q * + 1 ^fc-i-2 — is-l^q- + i q * + 1 ^fe-i-l 



L Z*£? i+1 K k -t S L Z q 5 ;+ q,+1 M q ^ 1 ( ( Ti • ••C7 fe _ m .a)(fc - / + l)/2^£ ,i+I tf fc _ I+ i 



L Q Z^ +1 K k ^ Si L Z B ^ i+1 M^{a x ■ ■ ■ a k _ 2 .a){k - 2)/L Z*£? i+1 M^(<T 1 ■ ■ ■ a k ^.a){k - 1). 

Proof. This easily follows from the proof of lemma [TUl □ 

Lemma 41. Suppose s =/= k — 2, k. Then 

L s ^+ 1 ^:+ 1 qi+1 (£o^ i+1 ^ q * +1 (^ • • -ofc-a-aX* - 2>/L ^+ qi+1 M q *+ 1 ( O - 1 • • -o*-i.a)<fc - 1)) = 0. 

For s = k — 2, if is isomorphic to M Vi+1 (oj, fc — 1, . . . , 0)(fc — 4). For s = k, it is isomorphic to M Pi+1 (ai,k — 
l,...,0)(fc-2). 

Proof. Note that if s = fc - 2, 

L^ q p *+ 1 ^ 1 q<+I io^ 1 q,+I ^' ,i+1 (^ • • -^-a-eOX* - 2) = 

M^^Oi, fc - 1, . . . ,0)<(fc - 2))(-l)((fc - 2))(-(fc - 1)). 

The second shift comes from the innermost functor. The third shift comes from Koszulness of the module. 
The fourth shift comes from the outermost functor. For all other s it is zero. 

Also if s = k — 1, 

Lj^l^^LoZ^^M^i^ ■ ■■a k - l .a)){k 1) = 
MP^K k - 1, . . . , 0)((fc - 1)){-I)((k - l))(-(k - 1)). 

For all other s it is zero. Then the lemma follows from the of lemma QTJ □ 

Lemma 42. If s = 1, 3, . . . , 2(fc - 1) - 1, then 

L s Zlill^\ i+1 L x Z 3 ^ i+1 M^{a h k - 1, . . . ,0) S M pi+1 (ai,k _ 1, ...,())<-* + 1 + s). 

Otherwise it is zero. 
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Proof. This follows from the previous lemma and following the exact sequences of lemmas [T^J H31 HU and 
corollaries [5] and [6] □ 

The graded version of proposition 1101 now holds. 
Proposition 15. There is an isomorphism of graded functors 

LZ»;:i^ +i l-^LZ^^[-(k - 1)] = ©Jljldpr - k](2r - k). 

5.6. Graded Diagram Relation 4. We begin with a generalized Verma module 

M a (k - 1, ... ,0,aj+k,aj+fe+i, ■ ■ ■ ,Oj+2A-i). 

V v ' S v ' 

Suppose a^+fc = I, Let us denote the module above by M a (l). 

There are short exact sequences coming from the generalized BGG resolution: 

-► K -+ M {k - 1, . . . ,6, 0, oi+k, Oi+k+i, • • • , a i+2fc _i)<0) -> M a (/) -» 
-► -> M^(fc - 1, . . . , i,0, 1, a l+k , Oi+*+i, . . • , ai+2*-0(l) -> - 

-► -» M^(A - 1, ... , f^l, 0, 1 - 1, Oi+*, Oi+k+i, . . ■ , a l+2fc _i)(Z - 1) -» K ; _ 2 -> 
v . ' v , ' 

— >■ Ki — > M^(& - 1, .. .,Z,Q,Z,ai+fc,ai+fc+i, . . . , a i+2 fe_i)(Z) -> -> 

s v / s ' 

-» M"(* - 1, ... , l + l, 0,1 + 1, a t+k ,a t+k+1 , a 2+2fe _i)(/ + 1) -► K x -»■ 
% v ' » . ' 

-> ^fc-i -> M /3 (fc - 1, ...,0, k- l,a i+k ,a i+k+1 , . . . ,a i+2k -i)(k - 1) -> X fe _ 2 -> 0. 

s v y s 

As in the ungraded case, the following lemma follows immediately. 
Lemma 43. There are exact sequences: 

-> LxZ^o - M 7 ( fc - 1, ■ ■ ■ , , Oi+kA, CH+k+u ■ ■ ■ , ai+2fc-i )(0) -» ii^M a (Z) -> 

-> LiZlXi -> Af 7 (fc - 1, ... , i,0,a i+ fe, l,a i+fe+ i, . . . ,a i+2 fe-i)(l) -> LiZlK -> 
-> LxZjK^x - M 7 ( fc - 1, . . . , 1^1, , a i+k ,l - 1, Oj+k+u ■ ■ ■ , Qj+2fc-i )(i - 1) -» L^jK^ -» 

-> L ZjKi +1 -> Af 7 ( fc - 1, . . . ,Z + 1,0 , Z + 1 , ai +fc ,a i:+fc+ i, . . . ,a i+2 fc-i )(0 -> L ZjKi -> 

-» L ZjK k -i -> Af 7 ( fc - L . . . ,0 , fc - l , a i+ fc,Q» + fc + i, . . . ,ai +2 fc-i )(fc - 2) — > L ZjK k - 2 -> 

Proof. The shifts in the grading come from the definition of the functors and Koszulness of the modules. □ 
Corollary 13. There are exact sequences: 

-» ^LxZJKq -» ?^M 7 ( fc -1,., 6 , Oj+fe, 0, a i+fc+1 , . . , ai +2 fc-i )(0) - ^LiZ^M a (0 -» 

-> ^LtZjKx -» ?^M 7 ( fc - 1, . . . , 1, , q i+fc , 1, a i+fc+1 , . , a i+2fe -i )(l) -> ^ZJKq - 

-» ^LxZ 7 ^.! -» ^M 7 ( fc - 1, . . . , f^l, , ai +fc , / - 1, aj+fc+i, ■ ■ ■ , Oi+2fc-i )(Z - 1) -» ^LiZ 7 /?/_ 2 -» 

e^LiZjKi ^L^ZjK^i 
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-» 7^L ZJK 1+1 -> e^AT ( fc -1,.. . ,1 + 1,0 ,1 + 1 )(l)-e?Lo^i->0 

-» ^LoZjKk-! -> ^ (Pl , . . . , , fc - 1 a i+fc , a i+fc+ i, . . , Oj+2fc-i )(fc - 2} -» ^L ZjK k _ 2 -» 

Lemma 44. Let {oj-fk+i, . . . , Oj-i-afc-i} = {fc — 1, . . . ,to, . . . , 0}. Let ni I. If s = k — 1, t/ien 

L,Z|^Li^M a (0 = M*( fc - 1, ■ ■ ■ , rh, . . . ,0, a« +fc , fc - 1 . . ,0 )(0). 
Otherwise it is zero. 

Proof. This follows easily from the previous corollary and the Koszul property of the modules. □ 

Now consider M s (ai, . . . , a.i+k-2, 1, k — 1, ... ,0) = M s (l). There is a graded resolution for this module as 
there was for AI a (l). Similarly we get the following lemma. 
Lemma 45. There are exact sequences: 

-» ^L.ZJJq -> gffir fo, . . . , a i+k -2, k - 1, a i+fc _i , fc^l, ■ ■ ■ , 0)(0) -> gfeiZgM*(i) -> 

-» ^ 1 L 1 Zl3 1 -> ^M> 4 , . . . , a 4+fc _ 2 , fc - 2, a i+fc _!, fc - 1, fc^2, . . . , 0)(1) -» ^L^po -> 

S ^ v ' V v ' 

-» e^LiZ2 J fc _i_ 2 - ^MT(a,, . . . , a l+fc _ 2 , / + 1, a i+fc _i, fc - 1, f+1, . . . , 0)<fc-Z-2) -» fe2frj fc _,_ 3 -> 

e^LiZjJk^i^i ^ e^L i+ iZ^J k -i-2,yi 
-» 7^L Zp k ^ -> ^M 7 ( a t , a^+fc-2, Oj+fc-i, / - 1, fc - 1, ■ ■ ■ , ) <fc - / - 1> — ► J fc -i-i -> 

-> ?%Z^J fc _ 1 -f ^MTJoi, . . . , Oi+k-a, Oi+fc-1,0, fc - 1, . . . , 6)(fc - 2} -» e^L Z2 J fe - 2 - 

Lemma 46. Let {cjj, . . . , ai+k-2} = {fc — 1, . . . , to, . . . , 0}. Lei m ^ I. If s = fc — 1, t/ien 
L s Z^LxZy 5 M 5 [l) = M"( fc - 1 . . ,0, a i+fc -i, fc - 1, ...>,. . . ,0 )(0). 

Otherwise it is zero. 

Proof. This follows from the previous lemma. □ 

We must now study the case when I = to. 
Lemma 47. Let m = I. Then L s Z^L 1 ZjP a M OL {l) = 

M s (0)(-l + l)/ .../M s (k- l)(k-l) if s = k-l 
Lk^Zj^ZjKt.s if s = fc - 1 

and t/iere is an exact sequence 

-> M 4 (/)(l>/.. ./M 5 (fc-l)(fc-Z) -» L fc _ /+ i^ii^X,_ 3 -> M 5 (/ + 1)(0)/.. ./M 5 (fc-l)(fc-;-2) -> 0. 

Proof. By corollary [H we get L s Zf^L Z2K k ^ 2 S 

M 5 (fc- l)(fc-2-Z) if s=fc-f-l 
if s ^ fc - Z - 1. 
Continuing in this way and using corollary 1 131 we get LgZie^LoZlKi = 

M s (l + 1)(0)/ .../M s (k-l)(k-2-l) if s=fc-Z-l 

if s 7^ fc - I - 1 
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and then L s Zf j e^L 1 ZjK^ 1 = 

M S {1 + 1)(0)/ ... /M s {k- l)(fc-Z-2) if s = k-l-l 

if s^k-l-l. 

Corollary [T3] then gives an exact sequence 

-> M 5 (Z - 1)(0) -» Lk^Zp^L^k^ -» + 1)(0)/ . . . /M 5 (fc - - / - 2) 0. 
Next, corollary 1131 gives the following diagram: 



M"(l - 1)(0) 



z, s ._ i z|i^i 1 z^ir ! _ 2 



M^i + 1)(0)/ . . . /M a (fc - l)(fe - ! - 2) 



M 5 (! - 2)(-l) L k _ l Z^L 1 Z] j K l _ 3 



Thus Lk-iZjePLxZjKi-3 ^ M 5 (Z - 2)(-l)/. . . /M 5 (k - l)(k - I) and there is an exact sequence 
-> M s (l)(l)/.../M s (k-l)(k-l) -> Lfc-j+i^ii^^j-a -► M 5 (Z + 1)(0>/.. . /M 5 (fc- l)(fc-Z-2) -> 0. 
Continuing in this manner and using the corollary gives us the lemma. □ 

Lemma 48. Let m = I. Then L s Z^L x Zp^M s (l) 

M a (fc-l){Z-fc + 2)/.../M Q (0)(/ + l) i/ s = / + l 
L i+2 Z|^L 1 ^J fe _ i _ 4 i/ s = fc - 1 

and there is an exact sequence 

-» M a (/)(1>/ • • • M Q (0)<Z + 1) -> L i+2 ^L 1 ^J fc _i_ 4 -» M«(Z - 1){0)/ . . . /M a (0)(l - 1) - 0. 



Proof. We use the exact sequences of lemma [45] 

If s = I, L s ZgePL ZjJk-2 - M a (0)(l - 1) and is zero otherwise. 

lis = l, L s ZffiL Z}J k - 3 M tt (l)(Z - 2)/M Q (0)(Z - 1} and is zero otherwise. 
Continuing in this way, 

If s = I, L s ZffiL ZjJ k - l - 1 = M a (l - 1)(0)/ . . . /M a (0){l - 1) and is zero otherwise. 
Next we get an exact sequence 

— > M a (l + 1)(0) — » Li + iZ^e^LiZj 3 Jk-i-3 — » M°(l — 1)(0)/ . . . / M Q (0)(Z — 1} — » 0. 
Lemma 1431 then produces the following diagram: 
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M a (l + 1)(0) 



Li +2 Z^e^L 1 ZjJ k _ l _ 4 C L l+1 Z^LiZjj k _i_ 3 5~ M"(l + 2)(-l) ^ L l + 1 Z^e^L 1 Z^J k _^ l _ 4 () 



M Q (i-l)(0)/.../M Q (0)(!-l) 



Thus Li+iZfe^Lx^Jk-i-i = M a (l + 2){-l)/. . . /M a (Q)(l + 1} and there is an exact sequence 

- M a (l)(l)/ . . . /M a (Q)(l + 1} -> L i+2 ^L 1 ^J fe _ i _ 4 -> M Q (/ - 1)(0)/ . . . /M Q (0)(Z - 1) -+ 0. 

Using the rest of the exact sequences of lemma [45l we easily obtain this lemma. (The details are the same 
as lemma 1471) □ 

Let F = LZffiLxZffi. 

Lemma 49. For s = 0, 1, . . . , k - I - 2, H~ r FM s (l)(l)/ . . . /M s (k - l)(k - 1) = 

(M a (k - 1)(0)/ . . . /M s (0){k - l))(k - (2s + l)-l-l) if r = 2(k - 1) - / - (2s + 1) 
M a (l-l){l)/ ...M Q (0)(2/-1) if r = k-l. 

Proof. We will verify this by induction on I. By proposition 1 1 51 

FM S (0)(0)/ . . . /M s (k - l)(k - 1) = ® k r zlM a {k - 1)(0)/ . . . /M a (0)(k - l)[2r + l](2r - k + 2). 
This is the base case. 

Consider the short exact sequence 

-> M s (l)(l)/ .../M s (k ~ l)(k - 1} -> M*(i - -1) -> M 5 (Z - - 1}/. ..M 5 (fc - l)(fc- 1) -> 0. 
By the induction hypothesis, for s = 0, 1, . . . , jfe - I - 1, H- r FM s (l - - 1)/ ...M s (k - l)(k - 1) = 
(M a (k - 1)(0)/ . . . /M s (0){k - l))(k - (2s + l)-l) if r = 2(k - 1) - I + 1 - (2s + 1) 
M Q (/-2)(l)/.../M"(0)(/-l) if r = fc-l. 

By lemmagi H~ s FM s (l - 1) ^ 

M a (fc-l)(Z-fc + l)/.../M i (0)(Z) if s = Z 

if S = fc — 1, 

such that fits into the following diagram: 

_„ _„ / „ 9 _ _ 
s~ M=(i - l)<i>/ • • • /M™(0)<2! - 1) >■ S- M a (l - 2)(l - 1)/ . . . /M°(0)(2I - 3) 

M a (l - 2)(l - 1)/ . . . /M°(0){2i - 3). 

The fact that the maps g and h are the same follows from the proof of the ungraded case. This finishes 
the lemma as in the ungraded case as well. □ 

Lemma 50. H~ s FLZffiL.Zj^M 01 ^ = 

(M a (k - 1)(0)/.. . /M s (0){k - l)(s - 2k + I + 1) if s = k-l + l,k-l + 3,...,k-l + 2(k-l)-3 

M°(l) if s = 2(fe-l). 
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Proof. By lemma |4"TI there is a distinguished triangle 

Lk^+xZ^LtZjKi^k - 1] -» LZ 5 p ^L 1 Zje l3 a M a (l) -» M 5 (0)(-Z + 1)/ . . . /M*(* - l)(fc - - /]. 

By propositionEU we know that H' 8 FM S (0)(0) / . . . /M s {k-l)(k-l)[k-l] = (M"(fc-1)(0)/ . . . /M Q (0)(fc- 
l))(s - 2jfe + Z + 1) for s = k - I + 1, k - I + 3, . . . , jfe - I + 2(fc - 1) - 1. 

We easily compute that for s = 2(k — 1), 

H-sFL^i+iZffiLxZjK^k - 1] S M Q (0(0). 

Therefore the long exact sequence for the distinguished triangle and F gives H~ s FLZ^e^LiZje^ l M a (l) = 

(M a (k - 1)(0)/ . . . /M s (0){k - l})(s - 2k + 2) if s = jfe - J + 1, fc - I + 3, . . . , k - I + 2 (jfe - 1) - 3 

M Q (0 if s = 2(fc— 1). 

□ 

This computation along with proposition [11] gives the following corollary. 
Corollary 14. There is an isomorphism of graded functors: 
LZ%l?l-l]LZ}l? 5 l-(k-l)}L^ 

5.7. Graded Diagram Relation 5. We need only compute in the graded case on a convenient generalized 
Verma module. We choose M Si (o», <Xj+i, ai+ 2 ) with a, > ai +2 > ctj+i- Now we just repeat most of the 

arguments of lemma 1251 

Proposition 16. There is an isomorphism of graded functors 

LZ s % i+1 [-l]LZ Si +ie H [-l] = Id®^[-2}LZl\. 

Proof. Consider the short exact sequence 

— > M(ai+i,cii, a l+2 )(l) — > M(a i: a l+ i,a l+2 ) -> M 5, ( a t , Oj+i , a i+2 ) — » 0. 

This gives rise to the short exact sequence 
(4) -> M s ' +1 (a t , a z+2 ^i +l ) Li^ s<+1 ? Si M Si (ai,a i+ i, a J+2 ) -> M Si+1 (ai+i, o*, a i+2 ) -» 0. 

There are two shifts in the first module of this sequence. One comes from the Koszul property of the module. 
The other is due to the definition of the functor, but they cancel each other out. 

Now consider the exact sequence 

-> Af(a i+ i,a l+2 ,a i )(l) -> M(a i+1 , a i: a i+2 ) -* A/ g ' +1 (a t+ i, a^, ai +2 ) -> 0. 

Applying the functor LZ Si gives 

L 1 Z Sz + 1 e 5t+1 M Si + 1 (a i+1 ,a i ,a. l+2 ) = M H (oj, o i+ i, a i+2 )/M Si ( fflj+i, fflj+2 , 

Lo^ Si+1 e 5l+1 M s ' +1 (oi+i.Oi.Oi+a) * L 2 Z s -+ 1 ? 5i+1 M 6 '+ 1 (a l+1 , a,, a i+2 ) Si 0. 
Next we look at 

-> M(a, i7 a, i+1 ,a i+2 )(l) -> M(a i} a,- +2 , a*+i) -> M 5i+1 (a,, a^c^+i ) -> 0. 

This leads to the exact sequence 

^£iZ*% i+1 M gi+1 (0 ^+2^+1 ) M Sz {auOi+i,a l+2 ) -> M Si (a^a^, a l+2 )(-l) -> 

L Z Si 7 Si+1 M ai+I (at, a 4+2 , ai+i) -> 0. 
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As in the ungraded case, the middle map is the standard map so 

L Z Si e Si+1 M* i+1 (oj, a i+2 , a i+1 ) Si ^M u ( of, a i+2 , q t+ i )(-l) 

ii^ Sl es i+ i^ Si+1 K: a »+2,aj+i) = M a< ( a i+2 ,q i+1 , o t )(l). 

There is a long exact sequence coming from equation|4j Substituting in the above into this exact sequence, 
we get 

-^Af s '( a t+2 ^q t+ i , 0^(1) -> LiZ^^iiZ^+^M^Ca^+i, a i+2 ) -> 

AP'(q t , a i+ i, aj +2 )/A/ s '( ai + i^o» + 2 , Qt)(l) -> T^M U ( a u q i+2 , q i+ i )(-l) -> 
Lo^^+^i^+^M^Ca^ai+i, q l+2 ) -> 0. 

Thus as in the ungraded case, 

L Z 5 '? St+1 _LiZ s ' +1 e 5i M 5i (oj, Qt + i, q i+2 ) = e^; M tf ( a, , q i+2 ,a i+1 )(-l) 

and 

Li ^ g< eg i+1 £i Z Si+1 e Si M Si (ai, a i+ i, q i+2 ) = AP'(qj, q t+ i, q i+2 ). 

Now, 

ef' [-2\LZ\\M 5i ( a,, q i+ i , q l+2 ) = Af tj ( q, , q i+2 , q i+ 1 ) ( - 2 ) ( 1 ) . 

The first shift comes from the definition of the functor. The second shift comes from the fact that module 
is Koszul. Thus 

LZ Si Z Si+l [-l]LZ Si +^ Si [-l] Si ide??;[-2]i^. 

□ 

6. Crossings 

The category T of oriented tangles has finite sequences of +, — signs for objects and isotopy classes of 
oriented tangles as morphisms. This is a strict tensor category. Oriented caps and cups are clearly morphisms 
in this category. All eight different types of oriented crossings are morphisms as well. It is shown in [Ka] , 
theorem XII. 2. 2 that the morphisms are generated by oriented cups and caps and only two oriented crossings. 
That theorem also gives a complete list of the relations that are satisfied, (along with planar isotopies for 
tangles without crossings.) The goal of this section is to assign functors to the two crossings which serve as 
generators and show that the defining relations are satisfied on a functorial level. That is the main result of 
this paper. 

First we state the functorial relations guaranteeing invariance under isotopy for tangles without crossings. 
This follows from theorem 6.2 of [Str2] except for the base case in the induction hypothesis of proposition 
6.4. This follows from lemma 11.80 of [KV]. 

Theorem 6. Let j > i. Then there are isomorphisms of functors 



(1) 




nj+l,±,r+2 ° Ui :=F , r = 


:id 


(2) 




r\±,r+2 o Ui+i, TT = 


ad 


(3) 












-2 ° ^i,±,r — ^i,±,r-2 


° <~}j+2,±,r 


(4) 










Uj,±,r- 


-2 ° r\i,±,r — r\±, r + 2 


° Uj + 2,±,r 


(5) 










Ut,±,r- 


-2 ° ^j,±,r — ^j+2,±,r 


+2 ° Ui,±,r 
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(6) 
(7) 

Now to the crossing 

we assign the functor 

To the opposite crossing 

we assign the functor 



[ ~ > i,±,r+2 ° Uj,±,r — U)+2,±,r+2 ° ^>i,±,r 

n,, ± , r+2 ou, !± , r side id. 




Sl t = Cone(e Si [-l]LZ Si -> Id[l](l»[-fc](-fc>. 




n s = Cone(Id(-l) -> I St LZ St )[k - 2](k). 



For ease of notation, we will assume that all arcs not shown in the diagrams are straight arrows oriented 
up. Now we must check the following eight relations. 

Theorem 7. The functors assigned to the generators of the set of morphisms for the category T satisfy the 
following relations: 



(1) 



(2) 



ni+l, + ,r+2 ° Ui,-,r = Id = f\_ !r+ 2 ° Uj+i, + ir . 



V V V 



Figure 14. Relation 1 



n»+l,-,r+2 ° Uj, + , r — Id = f\ + , r+ 2 O Uj+i,-^. 



Figure 15. Relation 2 
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(3) 



l ~ l i-2,-,r+2 ° ^i-l,-,r+4 on i+2 k-4 ° Ui + i j+ir+ 2 o Uj i+;r = 
Hi, + : r+2 ni+i j + , r+ 4 °rii+2fe-4 ° Uj_l i _ ir+ 2 O Ui_2,-,r 

l ~ l i-2,-,r+2 ° rii_i i _ :r+ 4 oil i+2 fe_4 o Ui_|_i i+ir _|_2 o Uj j+iT . = 
rii, + ,r+2 ° rii+i ) + )T .+4 ofi i+2 fe-4 Ui_i ) _ )r +2 ° Uj_2,-, r 




(4) 



Figure 16. Relation 3 



a o il = id ^ il o a 



A A 



(5) 
(6) 

(7) 




A A 




Figure 17. Relation 4 



fi,; O f2j+i O fi,; = f2,;_i_] O fi,; O fi 



i+1 



rii+i,+,r+2 Ui + i i+iT . = id = rii + i j+ir+ 2 o n i+ fe_ 2 ° 



l"\-, r +2 ^i+*;-l Ui+2 : + ,r Hi+2, + : r+2 ^-i+k-1 ° ^i,-,r — Id 
nj,-, r +2 ollj+fe-l O Ui +2 , + , r n j+2 , + , r +2 ° ^i+fc-l ° Uj,-^ 
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6.1. Relation 1. The goal of this section is to prove that the functors assigned to the tangles in diagram fT4l 
are isomorphic. We interpret the integers ai and — a,, mod k. 

Lemma 51. rij+i _ aj , r+2 o Ui )0i , r = Id. 
Proof. The left hand side is isomorphic to 

1/oA! Mi f , o L 5(«i.-.«M,k,...,a,.) Q? (a 1 ,...,a 4 _i,a 4 ,-o < ,a 4 ,...,a r ) r_ , fe _ ^ Q ^(a l ,...,a 1 - 1 ,fc,o < ,...,a t .) Q , 

This is easily seen to be isomorphic to 

= 1/ o A; ' ' , o A;, \ ° C = id ■ 



Figure 21. Relation 8 



□ 



Lemma 52. r\ a ,, r+2 o Ui+i,_ 0i) 



Id. 



Proof. The left hand side is isomorphic to 



vo A 



(k,ai ,...,a r ) 



(ai , . 



(ai,...,a^,A;,...,a r ) 1- V )\ (k,ai,...,a 



(oi 



(ai,...,ai_i,A;,...,a r ) Oi,ai,Oi-f i, 

This is easily seen to be isomorphic to 



,aj t fe,. . .,a r ) 



(fc,ai ,...,a r 



(ai 



tti — l . .,a r 



(fe,ai ,. . . ,a r ) 



C = Id . 



□ 



Now we easily get relation 1. 
Corollary 15. Di+i,+ jr +2 ° Ui,_ )t . = Id = rii,-, r +2 o Ui+i,+, r . 
Proof. Take <Zj = —1 and apply the two lemmas. 



□ 



6.2. Relation 2. There is the tangle relation for diagram 39. As in the previous subsection there is an 
analogous isomorphism of functors. 



Corollary 16. n.;+i,_, r +2 ° ^i,+,r — Id = r)i,+. r +2 ° U,;+i,_, r . 
Proof. Take a, = 1 from the two lemmas in the previous subsection. 



□ 



6.3. Relation 3. In this section we define functors for crossings with both arrows pointing down. It will 
be shown that these functors are consistent in a certain way with the functors defined for the other types of 
crossings. First we must define functors categorifying intertwiners A k ~ 1 Vk-i <8> A fe_1 Vfc_i — > A fc_2 ® A k Vk-i 
and A k ~ 2 <g> A fc Vfc_i -> A fc " 1 Vfc_i ® A^Vfc-i. Let fi and F 2 be the functors for the dia grams on the left 
and right respectively of figure |2"21 





Explicitly, 



Figure 22. 



Pi+Pi+k r rrHi+Pi+k 
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771 _ T yPi+Pi + k T ypi + qi + fc-qi + qi + fc r /i -, \1 t yPi + l + qi + fc j y m 



Pi+i+qi+fc r <7qi+i+qi+fc~ti+2+qi+fc 



it :h(*-i) 



If 0: i? — > 5 is a natural transformation, then there is a natural transformation 0* : S* — > i?* of adjoint 
functors. There is a map constructed by taking the adjoint of an adjunction morphism: 

We may rewrite the above line as 
ax: Fx L^#£LZ^^«^^ 



Since 



,fc-2 



r r^qi + qi + fc ~Ci + 2 + qi + fc 

t i+2 +qi+fc qi+q,+fc 

there is a projection a 2 : F3 — > F2. 

Lemma 53. TTie composite U2 ° ot\ : Fx — ■> F2 is an isomorphism 



tId[2j](-(k-2)+2j), 



Proof. The map coming from adjunction is clearly non-zero. Since c*2 is just projection, a2 ° ax is non-zero. 
An easily calculation shows that Fx an F2 applied to a generalized Verma module 

M u+2+pi+k (ai,. . . ,Oi_i,0j, a i+ i,ai + 2, • ■ ■ , flj+fc-x fc - 1, . . . , 0,a i+ 2fe, . . . , a„), 



gives a generalized Verma module 

M pi+pl+fc (a 1; ... , cti-x, k - 1, . . . , 0, k - 1, . . . , 0, a l+2 , ■ 



,«n) 



or zero. Therefore a2 °Qi is a non-zero endomorphism of a generalized Verma module (when it is non-trivial) 
so it is an isomorphism. This composition of maps is then an isomorphism when the functors are applied 
to a projective object by considering a filtration with subquotients of generalized Verma modules. Then it 
it an isomorphism of functors because a bounded complex is quasi-isomorphic to a complex of projective 
objects. □ 

Let Gi and G2 be functors for the diagrams on the left and right respectively of figure l23l 





Figure 23. 

Explicity, 

/-< _ T yPi+Pi+k t yPi + c\i+k~t\i + qi+k r (1 1 \i T yPi+i + qi+fc-qi+i + qi+fc r -, i 
^1 - ^Pi+q.+fc L/j q, + a lz + k e p i+ i + q ! + fc L - ^ ~ 1 JJ^ Z q, + i + q, +fc e Si + qi+i + q i+fc [~ l \ 

G 2 = LZ^X P a i+k LZ v ^ + \ a e!*t^+"+ q fl 1+ * \—(k - 2)1. 
There is a morphism constructed similarly to ax above: 

Then there is an obvious projection /3 2 from the latter functor to G\. 
Lemma 54. TTie composite 02 ° /?x : G2 — > Gi is an isomorphism. 



GO 



Proof. The map f3\ is non-zero for an object when the functors applied to the object do not vanish because 
it comes from adjunction. Since f3 2 is projection, it too is non-zero when the functors are non-zero. An easy 
calculation shows that G\ and G2 applied to the generalized Verma module 

M Siq<+1+,i+ ' ! (ai, ...,a i: a i+ i,a i+2 , a i+k ,a i+k -i, ■ ■ ■ , a i+2 k-i,cti+2k, ■ ■ ■ , a n ) 



is isomorphic to a shifted generalized Verma module 
M>'+>*+*(a 1 ,...,a i - 1 ,k-l,. 



,0,fc-l, 



, 0, a 



i+2k, ■ 



• , a n ) 



or zero. Therefore for generalized Verma modules fa Pi is an isomorphism. It is then an isomorphism for 
projective objects by considering a Verma flag. It is then an isomorphism for all bounded complexed because 
there exists a complex of projective quasi-isomorphic to it. □ 





Figure 24. 



Corollary 17. There is an isomorphism of functors for the two diagrams in figure \24\ 
Gi o LZ" i+C{ l+ 1+Cii + k g± F 2 o LZ!* +2 + Pl+fc ?; +2 + q ; +fc \-(k - 2)1. 



Proof. By lemma [5H the left hand side is isomorphic to 

i+q;+i+q;+fc 
i+k l v- -/j q i+ i + q i + fc 

Commuting the last two functors in the expression above, we get that it is isomorphic to 

T yPi+Pi + k T yPi+li + k j ySi+ti + 2 + qi + k~Ci + 2 + qi + k I /J. r>\l 

^ Z Pi + q, + fc ^ Z s s +r i+2 + q, + fc ^ Z t I + 2 + q I + fc e q i+1 + q t + k ~ l >\- 

Lemma [5U1 implies that this is isomorphic to the right hand side of the desired isomorphism. 



T 7 Vi+Pi + k r rrVi + <ii + k ~«; +t;+2+q; + fc r /, r,\l j ryfi-^m+l 



□ 



The next corollary gives an isomorphism between the two diagrams in figure [ 





Figure 25. 



Corollary 18. Let G\ and i 7 ^ denote the adjoint functors. Then 



~q;+i+qi+fc 
e Si+q i+ i + q i+fc 



-(k-l)]oF* 
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Proof. This follows from the previous corollary by taking adjoints. □ 

Let Hi be the functor for the diagram on the left and H 2 be the functor for the diagram on the right of 
figure [2H 



Figure 26. 

Let f/3 be the functor for the diagram on the left and H4 be the functor for the diagram on the right of 
figure [271 




Figure 27. 

^ Let G = LZ^^-^^[-(k l)]L%$£:ff£%-' k _ a [-(k 2)]. It is the functor for the 
diagram in figure [28l 




Figure 28. 



Corollary 19. Hi ^ H 2 = G. 

Proof. The two corollaries, imply that H\ = H3 and H 2 = H4. Then, using the first relation, both of these 
functors are seen to be isomorphic to G. □ 

Now we are prepared to prove the main relations of this section. Let A and B denote the functors assigned 
to the diagrams on the left and right respectively of figure [29] 

Let C and D denote the functors assigned to the diagrams on the left and right respectively of figure [501 

Proposition 17. (1) The functors A and B are isomorphic. 
(2) The functors C and D are isomorphic. 



OS 



Figure 29. 




Figure 30. 



Proof. The first pair of functors are cones of morphisms G — > Id[l] (1). The second pair are cones of morphisms 
Id[-1](-1) — » G. Clearly, 



Hom(G,Id[l](l)) = Hom(Id[-l](-l),G) S End(LZ 



(fe-2,fc) ~{fc-2,l,fc-l) 
(fe-2,l,fe-l) e (fc-l,fe-l) 



)• 



By theorem 34 of [MOS], this space is isomorphic to a space of endomorphisms of a projective functor: 



End(0, (fc_2 ' fc) 



n \k-2,l,k-l). 
On. i u ii J- 



/ (fe-2,l,fe-l) </ (fc-l,fe-l) 

By proposition 8.7 of [Str2], this is isomorphic to 



End, 



I C (fc-2,fc)_ gmod _ 

As a graded (C^.fc), c(fc-i,fc-i))_ bimodulc, C^" 2 ' 1 '* 5 " 1 ) ® c( ^i,^i) C^-M-i) is generated by 1 ® 1. 
Thus the degree zero component of this space of endomorphisms is one dimensional. Since there is a unique 
homogenous morphism up to scalar of degree between the functors, the cones must be isomorphic. □ 

6.4. Relation 4. We will show that the functors assigned to the crossings, IT and fij are auto-equivalences 
of the derived category. 

Let a: e Si LZ Si ->Id[2](l) and/3: Id e Si LZ Si (1). 
Proposition 18. IT o f2 4 = Id. 

Proof. We would like to show that Cone(/3)Cone(a) = Id[r](s) for some r and s. Consider the following 
commutative diagram. 

Cone(/3)? s t LZ"i Cono(/3) Id[2] (1) Conc(,3)Conc(ct) 

/ 

f Sj LZ s i(l)? Si iZ s i >■ Z Si LZ i (l) Id[2](l) ^? Si iZ s i(l)Cone(a) 



Id oe B ,LZ"i 



-s~ IdoId[2](l> 



— 5~ Id oCone(a) 



By properties of adjoint functors, h is split inclusion so / is surjection onto e Si LZ 5i [2] (2) By commutativity, 
g is the map fitting into the distinguished triangle 

H[2](1)^\l^[2](2) — Cone(/3)[2](l). 



(in 



Therefore Cone(/3)Cone(a) = Id[3](l). Then with the shifts built into the definition of IT and fij, we have 
it o n t ^ Id . □ 

Proposition 19. fl { o II = Id . 

Proof. As in the previous proposition we would like to show that Cone(a)Cone(/3) = Id[r](s) for some r and 
s. Consider the following commutative diagram. 

Conc(ct) s- Conc(a)e s .LZ s i(l) S- Cono(a)Cone(/3) 



Id[2](l) s- Id[2](l)e, ( LZ i (l) ^ Id[2]{l>Cono(/3) 

h 

_ / 

f Sj IZ 5 i >-e ai LZ s iJ Si LZ s i(l) 1 Si LZ'i Cone(/3) 

Note that / = e &i LZ &i adj and g: e Si LZ Si e Si LZ Si (1) — ► e Si LZ Si is given by Id|^ adj' ld^ L ^ s . (1), where 

adj : Id — > 'e Si LZ* i is the obvious adjunction map and arf/': LZ Si 'e Bi — > Id is an adjunction map as well. By 
properties of adjunction maps, g o / = Id . Thus / is split injective so e Si LZ Si Cone{j3) = H &i LZ Si [2] (2). As 
in the previous proposition, the map /i fits into the distinguished triangle 

Id[2](l) J^i\ L z^[2}(2) — ^> Cone(/3)[2](l). 

Therefore Cone(a)Cone(/3) = Id and we have shown that IT and Qj are inverse auto-equivalences. □ 

6.5. Relation 5. 

Lemma 55. Suppose we have the following morphism of distinguished triangles where f and h are split 
inclusion maps. 



x s- y >■ z 



f 


h 








r ' i 



X *" Y *" Z . 



Then j is also a split inclusion. 

Proof. See exercise 7.2 of [Sch]. □ 
Proposition 20. There is a functorial braid relation IT o IT + i o Tlj = IT + i o IT o IT + i. 

Proof. First we will consider the commutative diagram expressing the functor IT ° IT+i. 

Conc(a i + 1 ) e Gi LZ 5 ' (l}Conc(a i+1 ) >. Conefa,)Cone(a i + 1 ) 



e H+1 LZ s *+i{l) 5~ f^LZ'Mlfe.^iZ^+Ml) ^ Cone(a i+1 )? ai+1 LZ a i+l(l) 



Id ■ 



^ e, ( LZ'((l) 



— Cone(a^) 



Apply e Si+1 LZ Si + 1 to Ilj o II i+1 and to the above diagram to get the following diagram. 

?a i+1 LZ"*+ 1 <l>Con B (a i+ i) 5~ LZ s i+ 1 (l)c Si LZ" i (l)Cone(a i+ 1 ) Z s i+1 LZ s i+1 (1) Conc(a, )Conc(a i+ 1 ) 



f« j+1 iZ" i + 1 (l)?« i+1 ^* i+1 (l) >- ? H+1 LZ"i+l (l)Z s .LZ'i (l)Z s . + 1 LZ"i+l (1) ^ f i+1 LZ j+1 <l)Cone(o i+1 ); llj+1 LZ*i+l (1) 

f Sl+1 LZ s i+l(l )ai+1 

?, j+1 LZ*i+l(l)« j 

?s i+1 iZ S '+ 1 <1> H S~ ? Si + 1 LZ s »+l{l>?s l -tZ ! 'Ml> >■ ^ i+1 LZ S *+ 1 (l)Cone(a 4 ) 
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There is an obvious morphism from the first diagram to the second one. All of the squares commute. 
Now apply Cone(ai+i) to the first diagram to get the following commutative diagram. 

Cone(a i _(. 1 )Coiie(cK i _(. 1 ) 5- Cone(a^i )e s . LZ 5 i (1) Cone(cKi_|_i ) Cone(a^_|_i )Cone(a^ )Cone(a^i ) 

Cono(a i+1 )Cono(ci i + 1 )e sl LZ' i + 1 (1) 
Cone(a^^_i )Cone(aj ) 

There is a morphism from the second diagram to this one coming from the distinguished triangle 

Id -» £,^1^(1) -» Cone(a l+ i). 

All of the resulting squares commute. 

Let F = Cone((Cone(Id -> e' Sj+I IZ s <+ 1 (1))) -» Gone(e Si LZ** (1) -> e Si LZ s *(l)e Si+1 LZ Bi + 1 (l))). 
Then II i+ i on,o n i+i = Cone(F -> e Si+1 iZ Bi + 1 This is isomorphic to 

Cone(F -» Cone(? 5i+1 LZ 5 '+ 1 [2](3) -» C3ane(e, 1+1 LZ**+ 1 (l)e; i LZ**(l> -> ? 5!+1J LZ 5 *+ 1 [2] (3) ®7 U LZ U [1] (3)))). 

We claim that 

Cone(? 5l+1 LZ 5 * +1 [2](3} -> Cone(? 5i+1J LZ 5 ' +1 {l)7 Si LZ Si (1) -> ? Si+1 LZ Sl+1 [2] (3) ®e u LZ u [l}{3))) 

is isomorphic to Cone(e Sl+1 LZ s '+ 1 (l)e Sz LZ^ (1) -> ^£2^ [1](3)). 
We have the following commutative diagram 

e, i+1 LZ**+l (1) f s , + 1 L2 Si +l (l>? s . + 1 LZ s i + l (1) Cono(p) 

/ 

iZ s i+l (l)? s .LZ s i (1) IZ S 'H (lje, . LZ s i (l)e Jj+1 i?f-fl (1) Oone(/i) 

By properties of adjunction maps, 7r maps e Si+1 LZ Si+1 [2] (3) onto itself and e Si+1 LZ Si+1 (1) to zero. Thus, 

w(Z Si+1 LZ*^[2](3)) S K^ +1 ^ s<+I [2](3)) ^ ff o/(? Si+1 £^+ 1 [2](3)). 

Let us examine the map /. There is an adjunction map Id[2](l) — ► LZ Si e 5i . There is another map LZ Bi e 5i — > 
L2' Si e' Si+1 £Z s< + 1 (l)e' Bi which also comes from adjunction. From general principles (see [Mac]), the composi- 
ton of these two maps is adjunction Id[2](l) — > LZ 5i ? 5i+1 LZ £ii + 1 (l)e" Sj . We know from proposition[T2]that this 
map is a split inclusion. This is how the map / is constructed. This then gives the following commutative 
diagram of distinguished triangles. 

? Si+1 L?i+l[2]{3) s- ? Si+1 LZ s *+l[2](3> 

S 

M f Si+1 LZ s >+l(l)? a .LZ s ;<l)? a . + 1 LZ a i+l(l) s~ Conc(n) 

>- it 4 LZ i i [1] (3) s~ Cone(5) 

This implies the claim. 

The functor TlioTl i+ io'e Si LZ 5i (1) is expressed by the following commutative diagram. There is a morphism 
from the first diagram to this one such that all the resulting squares commute. 



Cone(a, + 1 )e Si + 1 iZ i '+ 1 (1) S»- Conc(a i+1 )e s .LZ s i (l)e Si+1 LZ S '+1 (1) 



Co„o( Qi + 1 )o 



Conc(a^i) Id ■ 



Cone(a i+1 )e i £^ i (l) 



e Si + 1 LZ Si + 1 {l)2 !i .LZ s i (1) 



( Sj+1 LZ S '+1 {l)I Si LZ s i (1) 
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Coue(a i+1 )tL Si LZ s i (1) S~ f^IZ'i (l)Cone(a i+1 LZ'i (1) >- Cone(aj)Cone(a i+1 )e,. IZ'i <1> 



ll LZ Si + 1 (l)E Si LZ s i (1) € s .LZ s i (1>? S<+1 LZ Si + 1 (l)e 3i LZ s i (1) Conc( aj )e Si+1 LZ Si +lf Si LZ S . (1) 



?^LZ s i (l)£ Si IZ'i (1) 



Coiie(ai)e Bi LZ'i (1) 



The functor IT o II j+ 1 o IT is expressed through the following diagram. 

Cone(oi + i)Cone(Qi) >- e s . LZ s i (l)Coiic{aj + i)Conc(aj) >- Cone(a^ )Conefai^i )Cone(cKi ) 



s Sj + 1 iZ s '+l (l)Cone(Q; i ) s- 2 Si LZ s i (l)e J , i+1 LZ S '+1 (1)00110(00 =» Conc(o i )e Sj+1 IZ s '+l (l)Conc(a,) 



4+ lOone(a 4 ) 

Id Conc(aj) ■ 



■ e Si IZ s ' (l)Cone(c!;) 



Conc(cKi )Cone(aj ) 



By definition, IT o Ilj+i o Ilj = Cone(F — > F~e Si LZ Bi (1)). We repeat the computation done for Ilj+i o IT o 
n i+ i, and find this is isomorphic to Cone(F ->• Cone(? 5i+1J LZ 5 *+ 1 (l)e Si LZ Si (1) -> e ti i^ t *[l](3))). 

Now we just have to verify that the maps in both cones are the same. Consider the commutative diagram 

F >■ FtiL%{\) 



e l+1 LZ l+1 {l)F *7 i+1 LZi +1 (l)FeiLZi(l) 

Since 'ei+iLZi + i(l)F — > ti + iLZi + i{l)FZiLZi(l) and F~tiLZi(l) — » ei+iLZi+\(\)FeiLZi(\) are split in- 
clusions by lemma [5"5l both maps in the cone are the same. 

□ 

Corollary 20. There is an isomorphism 

Proof. This follows immediately from the proposition by taking the adjoint of both sides. □ 
6.6. Relation 6. 

Proposition 21. There is an isomorphism r\ + i j+ir . + 2 ° &i ° r — Id . 

Proof. The left hand sides is 

LZ p q £lCone(7 Si [-l]LZ** - Id[l](l»^; [-(* - 1)] [-*:](-*:) = 

Cone(LZ^J-l]LZ^[-(fc 1)] -> LZ*%<#+\ [-(k 1) + l]<l»[-fc](-fe>. 
Now apply proposition 4.19 to the left hand side and corollary 4.5 to the right to get 

Cone(©*I 2 Id[k - 2 - 2j](k - 2 - 2j) -» ®*jZ% ld[k - 2j](k - 2j))[-k]{-k) = Id . 

□ 

Proposition 22. There is an isomorphism flj+i +, r +2 o Ilj o Uj+i.+ /r = Id . 

Proof. The left hand side is 

L^ 1 1 Cone(Id(-l) -> e s< LZ s< (l))^[-(fc - l)][fc - 2](k) = 

Cone(LZ%^ + l[-(k 1)]("1> - ^i^-'e^K* - 1)])[* - 2]<fc). 
Now apply corollary 10 to the left side and proposition 12 to the right to get 

Cone(©)'Z 1 Id[fc - 1 - 2j](k - 2 - 2j) ©)'Z 2 Id[fc - 1 - 2j](k - 2 - 2j))[k - 2](k) S Id . 
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□ 

6.7. Relation 7. For purposes of this subsection, we have the following abbreviations for the relevant 
subalgebras. 

Definition 18. (1) y u = p i + q i+ / £ . 

(2) v = q,_i + q i+k . 

(3) 7 = + Sj+fc-i + qi+fe- 

(4) (5 = q 4 _i +p J+fc . 

We let a: ^LZJ -> Id[2](l) and/3: Id^^LZJ(l). 
Proposition 23. T/iere are functorial isomorphisms: 
(1) 

n» 1 -, r +2 ^i+fc-1 ° Ui +2; + , r ° ^i+2, + ,r+2 ° H-i+k-1 ° ^i,-,r — Id 



(2) 



n» 1 - 1 r+2 O IIi+fe_i O Ui+2, + ,r ° Hi+2, + ,r+2 ° ° U,,-,,- = Id . 



Proof. (1) The left hand side is the functor given below shifted by [— 3](— 1). 

LZ£Cone(Id £<?LZ2(l))<%[-(k - lp^Cone^LZJ A ld[2](l»e£[-(fc - 1)]. 
This expression gives rise to the following commutative diagram. 

LZj;Conc(p)Z%LZ^LZ2Z^[-2(k - 1)] 5~ LZ£Conc(f3)e% LZ*^ [-2k + 4]<1> 9- LZjConc(j3)ejLZjConc(a)eJ [-2(fc - 1)] 



LZ^iZj^iZ^LZj^^ffc - 1)]<1> 9- LZ<^LZJ?£ LZ^ [-2fc + 4] <2> 9- LZ^LZJ^ LZ°Cone(a)Z^ \-2(k - 1)]<1> 



LZ£e%LZiCone(a)T^[-2(k - 1)] 



Using the isomorphisms constructed earlier, the above diagram is the same as 

s- ?J*LzJ»[-2fc + 5](-k + 2) s- X 



B3=0 ? Pi iZ ?|l-2j](fc - 2 - 2j> eW[2](l) s- ® k j= *iy.LZ» i .[2 - 2j]{k - 2j) 9- ej* LzJ* [2] <fc> Id 



^«.Lz5»[2](fc> 



Therefore X = Id[3](l) and so the composition of the functors with the its built in shifts is the 
identity. 

(2) The proof is the same. One just has to reflect the commutative diagrams in the diagonal going from 
the bottom left to the top right. 

□ 



6.8. Relation 8. 

Proposition 24. There are the following functorial isomorphisms: 
(1) 



(2) 



f\ + ,r+2 ° ^i+fc-3 ° Ui_2,-,r Hi_2,-,r+2 ° IIj_|_fc_3 O Uj^^ = Id 
Hi, + ,r+2 ^i+fc-3 Ui_2,-,r ^i-2,-,r+2 ° H-i+k-3 Ui, + !r = Id . 



Proof. One verifies these isomorphisms as in the proofs of relation seven. The only differences are the 
subscripts of the parabolic subalgebras. □ 
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6.9. Skein Relations. The images of the functors assigned to the crossings in the Grothcndicck group 
satisfy the skein relations for the HOMFLYPT polynomial. The following propositions follows directly from 
the definitions of the functors involved. 

Theorem 8. The following relations are satisfied in the Grothendieck group: 

(1) [n i ] = (-l) k q k ([e Si LZ**]-q- 1 [ld]). 

(2) [flj = (-1) V fe (-<z[Id] + [e Si LZ s >]) 

(3) q k m - q- k [n t ] = (-l) fe - V - q-'Wd] 
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